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Abstract 



The paper contains a partial review on the general connection theory on difFerentiable 
fibre bundles. Particular attention is paid on (linear) connections on vector bundles. The 
(local) representations of connections in frames adapted to holonomic and arbitrary frames 
is considered. 
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1. Introduction 

This is a partial review of the connection theory on differentiable fibre bundles. From different 
view-points, this theory can be found in many works, like [1-21]. The presentation of the 
material in sections ISHHl containing the grounds of the connection theory, follows some of 
the main ideas of [20, chapters 1 and 2], but their realization here is quite different and 
follows the modern trends in differential geometry. Since in the physical literature one can 
find misunderstanding or not quite rigorous applications of known mathematical definitions 
and results, the text is written in a way suitable for direct application in some regions of 
theoretical physics. 

The work is organized as follows. 

In Sect. [21 is collected some introductory material, like the notion of Lie derivatives and 
distributions on manifolds, needed for our exposition. Here some of our notation is fixed too. 

Section |31 is devoted to the general connection theory on bundles whose base and bun- 
dles spaces are differentiable manifolds. In Subsect. IIS. II are reviewed some coordinates and 
frames/bases on the bundle space which are compatible with the fibre structure of a bundle. 
Subsect. 13.21 deals with the general connection theory. A connection on a bundle is defined 
as a distribution on its bundle space which is complimentary to the vertical distribution on 
it. The notion of parallel transport generated by connection and of specialized frame are 
introduced. The fibre coefficients and fibre components of the curvature of a connection are 
defined via part of the components of the anholonomy object of a specialized frame. Frames 
adapted to local bundle coordinates are introduced and the local (2-index) coefficients in 
them of a connection are defined; their transformation law is derived and it is proved that a 
geometrical object with such transformation law uniquely defines a connection. The parallel 
transport equation in their terms is derived and it is demonstrated how from it the equation 
of geodesies on a manifold can be obtained. 

In Sect.|lJ the general connection theory from Sect.Olis specified on vector bundles. The 
most important structures in/on them are the ones that are consistent /compatible with the 
vector space structure of their fibres. The vertical lifts of sections of a vector bundle and the 
horizontal lifts of vector fields on its base are investigated in more details in Subsect. 14.11 
The general results are specified on the (co)tangent bundle over a manifold in Subsect. 14.21 
Subsect. 14.31 is devoted to linear connections on vector bundles, i.e. connections such that 
the assigned to them parallel transport is a linear mapping. It is proved that the 2-index 
coefficients of a linear connection are linear in the fibre coordinates, which leads to the in- 
troduction of the (3-index) coefficients of the connection; the latter coefficients being defined 
on the base space. The transformations of different objects under a change of vector bundle 
coordinates are explored. The covariant derivatives are introduced and investigated in Sub- 
sect. 14.41 They are defined via the Lie derivatives and a mapping realizing an isomorphism 
between the vertical vector fields on the bundle space and the sections of the bundle. The 
equivalence of that definition with the widespread one, defining them as mappings on the 
module of sections of the bundle with suitable properties, is proved. Some properties of the 
covariant derivatives are explored. In Subsect. 14.51 the affine connections on vector bundles 
are considered briefly. 

Section |21 deals briefly with morphisms between bundles with connections defined on 
them. 

In section ini some of the results of the previous sections are generalized when frames more 
general than the ones generated by local coordinates on the bundle space are employed. The 
most general such frames, compatible with the fibre structure, and the frames adapted to 
them are investigated. The main differential-geometric objects, introduced in the previous 
sections, are considered in such general frames. Particular attention is paid to the case 
of a vector bundle. In vector bundles, a bijective correspondence between the mentioned 
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general frames and pairs of bases, in the vector fields over the base and in the sections of 
the bundle, is proved. The (3-index) coefficients of a connection in such pairs of frames and 
their transformation laws are considered. The covariant derivatives are also mentioned on 
this context. 

Section El closes the paper with some concluding remarks. 



2. Preliminaries 

This section contains an introductory material, notation etc. that will be needed for our 
exposition. The reader is referred for details to standard books on differential geometry, 
like [5,22,23]. 

A differentiable finite-dimensional manifold over a field IK will be denoted typically by 
M. Here K stands for the field M of real or the field C of complex numbers, K = M, C. The 
manifolds we consider are supposed to be smooth of class C^. ^ The sets of vector fields, 
realized as first order differential operators, and of differential k-forms. A; G N, over M will 
be denoted by X{M) and A'^(M), respectively. The space tangent (resp. cotangent) to M 
at p G M is Tp{M) (resp. T*{M)) and {T{M),7rT,M) (resp. (T*(M), vrr* , M)) will stand 
for the tangent (resp. cotangent) bundle over M. The value of X G X{M) at p G M is 

G Tp{M) and the action of X on a function ip: M — > K is a function X{ip) : M — > K 
with X{ip)\p := Xp{ip) G K. 

If M and M are manifolds and f:M M is a C"*^ mapping, then := d/ := 
T{f) : T{M) T{M) denotes the induced tangent mapping (or differential) of / such that, 
for p e M, f^\p := df\p := Tp{f): Tp{M) Tf(^p){M) and, for a function g on M, 
{f^{X)){g) := X{g o f): p f*\pig) = Xp{g o /), with o being the composition of mappings 
sign. Respectively, the induced cotangent mapping is /* := T*{f): T*{M) — > T*{M). If 
h: N ^ M, N being a manifold, we have the chain rule d(/ oh) = df o dh, which is an 
abbreviation for d(/ o h)g = (df) f(^q) o {dh)q for q G N. 

By J C R will be denoted an arbitrary real interval that can be open or closed at one 
or both its ends. The notation 7: J ^ M represents an arbitrary path in M. For a 

path 7: J — > M, the vector tangent to 7 at s G J will be denoted by 7(5) := ^ (7(*)) = 

t=s 

'^*(<fL) ^ ^7(s)(-^)' where r in is the standard coordinate function on R, i.e. r: M ^ R 
with r(s) := s for all s G M and hence r = idjR is the identity mapping of R. If sq G J is an 
end point of J and J is closed at sq, the derivative in the definition of 7(59) is regarded as a 
one-sided derivative at sq. 

The Lie derivative relative to X G X{M) will be denoted by Cx- It is defined on 
arbitrary geometrical objects on M [24], but bellow we shall be interested in its action on 
tensor fields [2, ch. I, § 2] (see also [25]). If /, Y, and 9 are respectively function, vector 
field and 1-form on M, then 

Cxif) = Xif) (2.1a) 
Cx{Y) = [X,Yl (2.1b) 

{Cxi9)){Y) = x{e{Y)) - e{[x,Y]_) = {de){x,Y) + Y{e{x)i (2.1c) 

where [A, i?]_ = A o B — B o A is the commutator of operators A and B (with common 
domain) and d denotes the exterior derivative operator. 

^ Some of our definitions or/and results are valid also for or even C" manifolds, but we do not want 
to overload the material with continuous counting of the required degree of differentiability of the manifolds 
involved. Some parts of the text admit generalizations on more general spaces, like the topological ones, but 
this is out of the subject of the present work. 
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Since Cx is a derivation of the tensor algebra over the vector fields on M, for a tensor 
field S: A^{M) x • • • x A^{M) x X{M) x ■ ■ ■ x X{M), we have 

{CxS)ie, ...;¥,.. .) = XiSie, ...;¥,.. .))-S{CxO, ...;¥,...) 5(0, . . . ; CxY, ...))-■■, 

(2.2) 

which defines CxS explicitly, due to H2.1|) . 

Let the Greek indices X,^,v,... run over the range 1, . . . , dim M and {-E^} be a frame 
in T{M), i.e. E X{M) be of class and, for each p G M, the set {£'^|p} be a basis of the 
vector space Tp{M). ^ Let be the coframe dual to {^^}, i.e. G A^^); {^'"Ipl be a 

basis in T*{M), and ^''(S,.) = with 5;^ being the Kronecker deltas (J;^ = 1 for ^ = V and 
(5^ = for ^ ^ v). Assuming the Einstein's summation convention (summation on indices 
repeated on different levels over the whole range of their values), we define the components 
{Tx)^u of Cx in (relative to) {E^} via the expansion 

CxE^ =: {Tx)\E, (2.3) 

which is equivalent to 

CxE^' = -{TxY^E'^ D) 

by virtue of E^{Ey) = by and the commutativity of the Lie derivatives and contraction 
operators. ^ Sometimes, it is convenient ()2.3p and to be written in a matrix form, 

LxE = E-Tx CxE* = -Vx ■ E\ (2.4) 

where Tx ■= [(rx)^]^:5^'i/, E := {E^, . . . , E^in^M), and E* := {E\ . . . , E'^'^'^^ , with T 
being the matrix transposition sign, and the matrix multiplication is explicitly denoted by 
centered dot • as otherwise E ■ Tx may be confused with ETx = E{Tx) = {Ei{Tx), ■ ■ ■) = 
{[EiiirxY^)], ■ ■ .)• From Q and (l2Thl) . we get 

irx)\ = -E,iXn-C;,X\ (2.5) 

in {Efi}, where X = X^E^ and the functions C^;^, known as the components of the anholon- 
omy object of {-E^j}, are defined by 

[E^,E,l=:C^^,E^ (2.6) 
or, equivalently, by its dual (see (|2.1c|) ) 

dE^ = -]^c^^,E>^^E\ m) 

with A being the exterior (wedge) product sign. ^ For a tensor field S of type (r, s), r, s € 
NU {0}, with components S'Ul^l}^ relative to the tensor frame induced by {E^} and {E^}, 

^ There are manifolds, like the even-dimensional spheres S^* , fc £ N, which do not admit global, continuous 
(and moreover for fe > 1), and nowhere vanishing vector fields [26]. If this is the case, the considerations 
must be localized over an open subset of M on which such fields exist. We shall not overload our exposition 
with such details. 

^ The sign before {Tx)'^i, in H2.8|l or is conventional and we have chosen it in a way similar to the 

accepted convention for the components of a covariant derivative (or, equivalently, the coefficients of a linear 
connection — see Sect.|lll. 

* If M is a Lie group and {-E/*} is a basis of its Lie algebra (:= { left in variant vector fields in X{M)}), then 
C^ij are constants, called structure constants of M, and H2.6^ and are known as the structure equations 

of M. 
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we get, from (|2.2j) . the components of CxS as 

r 
a=l 

s 
b=l 

A frame {E^} or its dual coframe {i?^} is called holonomic {anholonomic) if C^^, = 
i^jlu 7^ 0) for all (some) values of the indices /i, u, and A. For a holonomic frame always 
exist local coordinates {x^} on M such that locally E^ = and -E^ = dx^. Conversely, if 
{x^} are local coordinates on M, then the local frame {gf^} ^^id local coframe {dx^} are 
defined and holonomic on the domain of {x^}. 

A straightforward calculation by means of (|2.H|) reveals that a change 

{E^} ^ {E^ = B'^.E,} (2.8) 

of the frame {E^}, where B = [B^] is a non-degenerate matrix- valued function, entails the 
transformation 

C',. ^ C^,u = {B-^f,[B^^E,{B^,) - B^,E^{Ep + B^^BIC^^). (2.9) 

Besides, from (|2.5j) and (|2.9j) . we see that the quantities (r^)''^ undergo the change 

irx)\ ^ ifx)\ = {B-^Y^{{Tx)^Bl + X{Bl)) (2.10) 

when takes place. Setting Tx ■= [{Tx)"^] and fx := [(fxTf,], we can rewrite 
in a more compact matrix form as 

rx^fx = B-^-{rx-B + X{B)). (2.11) 

If n G N and n < dim M, an n-dimensional distribution A on M is defined as a mapping 
A : p I— > Ap assigning to each p € M an n-dimensional subspace Ap of the tangent space 
Tp{M) of M at p, Ap C Tp{M). A solution (resp. first integral) of a distribution A on M 
is an immersion (p: N ^ M (resp. submersion ip: M ^ N), N being a manifold, such that 
Imcp^ C A (resp. Kevip^ D A), i.e., for each q G N, (resp. p € M), {p^,{Tq(N)) C A^(g) (resp. 
V'*(Ap) = 0^(q) € T^(q)(A^)). A distribution is integrable if there is a submersion ip: M ^ N 
such that Ker-f/'^, = A; a necessary and locally sufficient condition for the integrability of A 
is the commutator of every two vector fields in A to be in A. We say that a vector field 
X G X{M) is in A and write X e A, if Xp e Ap for all pe M. A basis on U Q M for A is 
a set {Xi, . . . ,Xn} of n linearly independent (relative to functions [7 — > K) vector fields in 
A\u, i.e. {^i|p, • • • ,X„|p} is a basis for Ap for all p G U. 

A distribution is convenient to be described in terms of (global) frames or /and coframes 
over M. In fact, if p E M and q = 1, . . . ,n, in each Ap C Tp{M), we can choose a basis {Xg|p} 
and hence a frame {Xg}, Xg : p ^ Xg\p, in {Ap : p E M} C T{M); we say that {Xp} is a basis 
for/in A. Conversely, any collection of n linearly independent (relative to functions M K) 
vector fields Xg on M defines a distribution p i—>- {J2g=i f^^glp '■ ^ Consequently, a 
frame in T{M) can be formed by adding to a basis for A a set of (dim M — n) new linearly 
independent vector fields (forming a frame in T{M) \ {Ap : p E M}) and v. v., by selecting n 
linearly independent vector fields on M, we can define a distribution A on M. Equivalently, 
one can use dimM — n linearly independent 1-forms a;", a = n + 1, . . . ,dimM, which are 
annihilators for it, w'^Iap = for all p E M. For instance, if {X^ : p = 1, . . . ,dimM} is 
a frame in T{M) and {Xg : g = 1, . . . ,n} is a basis for A, then one can define uj"" to be 
elements in the coframe {uj^} dual to {X^^}. We call {a;"} a cobasis for A. 
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3. Connections on bundles 

Before presenting the general connection theory in Subsect. 13.21 we at first fix some notation 
and concepts concerning fibre bundles in Subsect. 13.11 

3.1. Frames and coframes on the bundle space 

Let {E,iT,M) be a bundle with bundle space E, projection tt: E ^ M, and base space M. 
Suppose that the spaces M and E are manifolds of finite dimensions n G N and n + r, for 
some r E N, respectively; so the dimension of the fibre 7r~^(x), with x E M, i.e. the fibre 
dimension of {E, vr, M), is r. Besides, let these manifolds be differentiable, if the opposite 
is not stated explicitly. ^ 

Let the Greek indices A, /U, z/, . . . run from 1 to n = dimM, the Latin indices a,b,c, . . . 
take the values from n + 1 to n + r = dim E, and the uppercase Latin indices I,J,K,... take 
values in the whole set {1, . . . , n + r}. One may call these types of indices respectively base, 
fibre, and bundle indices. 

Suppose {u^} = {n'^,-u"} = {u^,... ,n"+'"} are local bundle coordinates on an open set 
U Q E, i.e. on the set 7r(C/) C M there are local coordinates {x^} such that = o it; ^ 
the coordinates {u^} (resp. {li"}) are called basic (resp. fibre) coordinates [23]. ^ 

Further only coordinate changes 

{u'',u''} ^ {u^',u''} (3.1a) 

on E which respect the fibre structure, viz. the division into basic and fibre coordinates, will 
be considered. This means that 

u-ip) = riu\p),...,u^{p),u^+\p),...,u^+^{p)) 

for p £ E and some functions The bundle coordinates induce the (local) frame 

{d^ := -^^da := gfs"} and coframe {du^^du""} over U in respectively the tangent T{E) 
and cotangent T*{E) bundle spaces of the tangent and cotangent bundles over the bundle 
space E. Since a change 1)3. 1|) of the coordinates on E implies 9/ i— 9/ := = ^rdj and 
dn^ I— > du^ = ^jdu^ , the transformation (|3.1jl leads to 

(5;., da) ^ 0^, da) = {d,,db) ■ A (3.2a) 
(du^, du")'^ ^ (du'^, dn'*)^ = A-^ ■ (d^z^ duY . (3.2b) 

Here expressions like {d^, da) are shortcuts for ordered (n + r)-tuples like (9i, . . . , dn+r) = 
{[d^]'^^i, [da]a=n+i), T is the matrix transpositions sign, the centered dot • stands for the 
matrix multiplication, and the transformation matrix A is 



A :-- 



du^ " 


n+r 1 


-du-^ . 


I,J=1 \ 



\ du'' ] j-au^T 



^ 

du'' du'' 
dui^ du"- 



(3.3) 



^ L J L du"- J / 

^ Most of our considerations are valid also if differentiability is assumed and even some of them hold on 
C° manifolds. By assuming differentiability, we skip the problem of counting the required differentiability 
class of the whole material that follows. Sometimes, the differentiability is required explicitly, which is a 
hint that a statement or definition is not valid otherwise. If we want to emphasize that some text is valid 
under a differentiability assumption, we indicate that fact explicitly. 

On a bundle or fibred manifold, these coordinates are known also as adapted coordinates [27, defini- 
tion 1.1.5]. 

If ([/, v) is a bundle chart, with v. (7 ^ K" x K"" and e° : K"" ^ K are such that e" (ci , . . . , Cr) = Co G K, 
then one can put m" = e" o prj oii, where prj : K" x K'" ^ K"" is the projection on the second multiplier K"". 
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where 0„xr is the n x r zero matrix. Besides, in expressions of the form dja^ , like the one 
in the r.h.s. of ()3.2a|) . the summation excludes differentiation, i.e. dja^ := a^dj = "^ja^dj; 
if a differentiation really takes place, we write di{a^) := di{a^). This rule allows a lot 
of formulae to be writtem in a compact matrix form, like 1)3. 2a() . The explicit form of the 
matrix inverse to dSini) is A-^ = [^] = ... and it is obtained from via the change 
w <-> n. 

The formulae 1)3.21) can be generalized for arbitrary frame {e/} = {e^,ea} in T{E) and 
its dual coframe {e^} = {e^,e°} in T*{E) which respect the fibre structure in a sense that 
their admissible changes are given by 



(e/) = (e^, Ca) 1-^ (e/) = (e^, ea) = {e^, et) ■ A 



A- 



(3.4a) 
(3.4b) 



Here A = [A^j] is a nondegenerate matrix-valued function with a block structure similar 
to (jSini), viz. 



A 



with inverse matrix 



[A'lj]^j.=l,...,n 
b=n+l,.... 



n+r 



A- 



Ofixr 



n+l 



■ IK] ■ 





'K 0" 


V 










[At]-') 



(3.5a) 



(3.5b) 



Here Al : U 



K and [vlj^] and [A^] are non-degenerate matrix-valued functions on U such 
that [A'j2 is constant on the fibres of E, i.e., for p E, A'j^{p) depends only on vr(p) € M, 
which is equivalent to any one of the equations 



^11 



B^on 



dA^ 



0, 



(3.6) 



with [B^ being a nondegenerate matrix-valued function on 7r(C/) C M. Obviously, 1)3. 2() 

corresponds to (|3.4j) with e/ = e/ = ^|t, and Aj = 

All frames on E connected via ()3.4() - ()3.5() . which are (locally) obtainable from holonomic 
ones, induced by bundle coordinates, via admissible changes, will be referred as bundle frames. 
Only such frames will be employed in the present work. 

If we deal with a vector bundle (-E/, tt, M) endowed with vector bundle coordinates 
{u^} [23], then the new fibre coordinates {-u"} in (|3.1() must be linear and homogeneous 
in the old ones i.e. 



u 



{B^ o ^) . and u"" = {{B-')l o ^) • u\ 



(3.7) 



with B = [B'^] being a non-degenerate matrix-valued function on vr([/) C M. In that case, 
the matrix 1)3.3(1 and its inverse take the form 



A 





(B~^t 



O IT 



A- 



dut^ 
o vr) 







(3.8) 



More generally, in the vector bundle case, admissible are transformations ()3.4|) with matrices 
like 



A 



[Ai 





[At 



A- 



-\Air^ 





[At]-' 



(3.9) 
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with A'^^ : [/ — > IK being functions on U which are constant on the fibres of E, 

^l = B^,on ^ = (3.10) 



for some functions B^^ : tt{U) — > IK. Obviously, 1)3. 9() corresponds to (|3.5(1 with j4|^ = 
and the setting Aj = reduces to due to (IT7|) . 

3.2. Connection theory 

From a number of equivalent definitions of a connection on differentiable manifold [21, sec- 
tions 2.1 and 2.2], we shall use the following one. 

Definition 3.1. A connection on a bundle {E,7r,M) is an n = dimM dimensional dis- 
tribution on E such that, for each p ^ E and the vertical distribution A'" defined by 

A^: A;:=T,^p){n-\n{p))) ^Tp{7r-\7rip))), (3.11) 
with i: 7r~^(7r(p)) — > E being the inclusion mapping, is fulfilled 

A;®A^ = Tp{E), (3.12) 

where A'* : p A^ C Tp{E) and © is the direct sum sign. The distribution A'* is called 
horizontal and symbolically we write A'' © A'^ = T{E). 

A vector at a point p (z E (resp. a vector field on E) is said to be vertical or horizontal 
if it (resp. its value at p) belongs to A^ or A^, respectively, for the given (resp. any) point 
p. A vector Yp € Tp{E) (resp. vector field Y E X{E)) is called a horizontal lift of a vector 
X^^p) G T^^p){M) (resp. vector field X £ X{M) on M = ■k{E)) if ir^iYp) = for the 

given (resp. any) point p G E. Since ^T^,\^h : Ap T^(j,-^{M) is a vector space isomorphism 
for all p € -E [23, sec. 1.24], any vector in T^i^p-^{M) (resp. vector field in X{M)) has a unique 
horizontal lift in Tp{E) (resp. X{E)). 

As a result of 1)3. 12() . any vector Yp G Tp{E) (resp. vector field Y € X{E)) admits a unique 
representation Yp = Y^ (BYj^ (resp. Y = Y" ®Y^) with Y^ G A^ and Y^ G A^ (resp. Y" € A^ 
and Y^ G A'^). If the distribution p ^ Ap is differentiable of class C™, m G N U {0, cxo, w}, 
it is said that the connection A^ is (differentiable) of class C". A connection A'^ is of class 
C™" if and only if, for every vector field y on ii^, the vertical Y"" and horizontal Y^ vector 
fields are of class C". 

A path (3: J ^ E is called horizontal (vertical) if its tangent vector f3 is horizontal 
(vertical) vector along /?, i.e. /3(s) G A^^^-j 0{s) G AJ^^^^ for all s G J. A lift j: J ^ E of 
a path 'j: J ^ M, i.e. vr o 7 = 7, is called horizontal if 7 is a horizontal path, i.e. when the 
vector field 7 tangent to 7 is horizontal or, equivalently, if 7 is a horizontal lift of 7. Since 
7r~^(7(J)) is an (r+l) dimensional submanifold of -E, the distribution p i-^^ ApnTp(7r~^(7( J))) 
is one-dimensional and, consequently, is integrable. The integral paths of that distribution 
are horizontal lifts of 7 and, for each p G 7r^"'^(7( J)), there is (locally) a unique horizontal lift 
% 0/7 passing through p. ^ 

Definition 3.2. Let 7: [fx, r] — > M, with o", r G M and a < t, and jp be the unique 
horizontal lift of 7 in E passing through p G 7r"^(7([o", r])). The parallel transport (trans- 
lation, displacement) generated by (assigned to, defined by) a connection A'^ is a mapping 
P : 7 I— P'*', assigning to the path 7 a mapping 

P^: 7r-^(7(f7)) ^ vr-^(7(r)) 7: [a,r] ^ M (3.13) 



In this sense, a connection A** is an Ehresmann connection [14, p. 314] and vice versa [27, pp. 85-89], 
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such that, for each p £ tt ^(7(0")), 

P^(p):=7p(r). (3.14) 

In vector bundles are important the linear connections for which is required the parallel 
transport assigned to them to be linear in a sense that the mapping (|3.13|) is linear for every 
path 7 (see Subsect. 14.31 below). 

Let us now look on the connections A'* on a bundle {E, vr, M) from a view point of (local) 
frames and their dual coframes on E. Let {e^} be a basis for A'^, i.e. € A'' and {e^|p} is 
a basis for Ap for all p £ E, and {e""} be the coframe for A'*, i.e. a collection of 1-forms e", 
a = n+ l,...,n + r, which are linearly independent (relative to functions ii^ ^ IC) and such 
that e"(X) = if X G A^. 

Definition 3.3. A frame {e/} in T{E) over E is called specialized for a connection A'^ if the 
first n = dimM of its vector fields {e^} form a basis for the horizontal distribution A'^ and 
its last r = dim7r^^(x), x £ M, vector fields {ea} form a basis for the vertical distribution 
A^. Respectively, a coframe {e^} on E is called specialized if {e"} is a cobasis for A'* and 
{e^} is a cobasis for A''. 

The horizontal lifts of vector fields and 1-forms can easily be described in specialized 
(co)frames. Indeed, let {e/} and {e^} be respectively a specialized frame and its dual coframe. 
Define a frame {Ef^} and its dual coframe {E^^} on M which are vr-related to {e/} and {e^}, i.e. 
E/, := 7r*(e^) and := 7r*{E'') = E'' o tt^. ^ liY = y^S^ G X{M) and cb = cbf.ef' € A^^), 
then their horizontal lifts (from M to E) respectively are 

Y = iY^'o^T)e^ = (0^ o 7r)e^. (3.15) 

The specialized (co)frames transform into each other according to the general rules (|3.4j) 
in which the transformation matrix and its inverse have the following block structure: 

where A'^, A'^: E —>-K and the functions A'^ are constant on the fibres of the bundle {E, tt, M), 
that is, we have 

dA'^, 

A', = %°^ or 9^ = (3-17) 

for some nondegenerate matrix-valued function [i?^] on M. Besides, in a case of vector 
bundle, the functions are also constant on the fibres of the bundle {E,tt,M), i.e. 

4 = ^a°- - ^ = (3-18) 

for some nondegenerate matrix- valued function B = [B^] on M. Changes like 1)3. 4|) . with A 
given by (|3.16|) . respect the fibre as well as the connection structure of the bundle. 

Let -E be a manifold and A'^ a connection on {E,it^M). The components Cfj 
of the anholonomy object of a specialized frame {e/} are (local) functions on E defined by 
(see (ESI) 

[ei,e.j]_=:CfjeK (3.19) 
^ Recall, TT, l^h : — > r^(p)(M) is a vector space isomorphism. 



nozmaar z. iiiev: L.onnection tneory: A peaagogicai introauction 



and are naturally divided into the following six groups (cf. [20, p. 21]: 

n'j, {C^J, {C^i = 0}, {C,\ = 0}, {CfJ, {C:,}. (3.20) 

The functions C^j^ are constant on the fibres of {E, vr, M), precisely C^^^ = f^^^ o vr where /^^ 
are the components of the anholonomy object for the vr-related frame {7r,f(e^)} on M, as the 
commutators of vr-related vector fields are 7r-related [5, sec. 1.55]. Besides, since the vertical 
distribution A'' is integrable (the space is the space tangent to the fibre through p £ E 
at p) , we have 

[ea,ebl = C'abec (3.21) 

(so that C^f, = 0), due to which C^^ are called components of the vertical anholonomy object. 
To prove that C^j, = 0, one should expand {e/} along {dj = ^^}, with {u^} being some 
bundle coordinates, viz. = e'j^di, + e^^di, and Ca = e^d^, with some functions ej^, and e\, 
and to notice that ej^ are constant on the fibres, i.e. (?a(ep = 0. 

The non-trivial mixed "vertical-horizontal" components between (|3.20p . viz. C^^y and C^^,, 
are important characteristics of the connection A''. The functions 

■■= +C^, = -C^k (3.22a) 
^liu ■= = -Cu^i^ (3.22b) 

which enter into the commutators 

Ce,eb = [e^,ebl= °Tt^ea (3.23a) 
[e^,e,]. = i?^,ea + C7^,eA, (3.23b) 

are called respectively the fibre coefficients of (or components of the connection object of 
A^) and fibre components of the curvature of A^ (or components of the curvature (object) 
of A^) in {e/}. Under a change (|3.4() . with a matrix (|3.16() . of the specialized frame, the 
functions 1)3. 22() transform into respectively 

= A';,{[Al]-X{°riAt + e.{At)) (3.24a) 
= {[Al]-')lK^tRl^ (3-24b) 

which formulae are direct consequences of (|3.23|) . If we put A := [A'^], "T^, := [°r^j^] , and 
Ti, := [ Tculi then (|3.24aj) is tantamount to 



- , - \ - (3.25) 



Up to a meaning of the matrices [A'j2 and A and the size of the matrices "Tjy and A, the 
last equation is identical with the one expressing the transformed matrices of the coefficients 
of a linear connection (covariant derivative operator) in a vector bundle [28, eq. (3.5)] on 
which we shall return later in this work (see Sect. |3J in particular equation (^32l]) in it). 
Equation H3.24b|) indicates that i?^^ are components of a tensor, viz. 

n:=^R''^,ea0e'' Ae", (3.26) 

called curvature tensor of the connection A'^. By H3.23a() . the horizontal distribution A'^ is 
(locally) integrable iff its curvature tensor vanishes, $7 = 0. 



Definition 3.4. A connection with vanishing curvature tensor is called flat, or integrable, or 
curvature free. 
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Proposition 3.1. The flat connections are the only ones that may admit holonomic special- 
ized frames. 

Proof. See definition E21 and H3.23bl) . □ 

Ttie above considerations of specialized (co)frames for a connection A'' on a bundle 
(E, TT, M) were global as we supposed that these (co)frames are defined on the whole bundle 
space E, which is always possible if no smoothness conditions on A'' are imposed. Below we 
shall show how local specialized (co)frames can be defined via local bundle coordinates on 
E. 

Let {u^} be local bundle coordinates on an open set U <^ E. They define on T{U) C T{E) 
the local basis {9/ := g^}, so that any vector can be expended along its vectors. In 
particular, we can do so with any basic vector field of a specialized frame {e/} restricted 
to U, := ej\u. Since {c^alp}, with p G [/, is a basis for A^, we can write 

(e^,e^) = {A';,d, + A';,da,A%) = {d,,d,) ■ {^^^^ ^j.^) , (3.27) 



where [A^^ and [j4^] are non-degenerate matrix-valued functions on U . 



10 



Definition 3.5. A frame {X/} over U in T{U) is called adapted (to the coordinates {n^} 
in U) for a connection A'^ if it is the specialized frame obtained from (|3.27|) via admissible 



transformation (13.41) with the matrix A — , , 

V [Al] 

Exercise 3.1. An arbitrary specialized frame {e^} in T{E) over U enters in the definition 
of a frame {Xi} adapted to bundle coordinates {u^} on U . Prove that [Xi] is independent 
of the particular choice of the frame {e^}. (Hint: apply definition 13.51 and l|3.4a|) with A 
given by (|3.16|) .l The below-derived equality ()3.34|) is an indirect proof of that fact too. 

According to (|3.4|) and definition 13. 5( the adapted frame {X/} and the corresponding to 
it adapted coframe {uj^} are given by 

X^, = ^^ + T^da Xa = da (3.28a) 
oj^ = du^ w'^ = du" - Tldu^. (3.28b) 

Here the functions ,: [7 — > IK are defined via 

[T^] = +[Al] . [A^X' (3-29) 

and are called (2-index) coefficients of A''. In a matrix form, the equations 1)3. 28() can be 
written as 





0" 




" 5ii 


0' 


fdv!'\ 




Si 






51 


■ Vdu7 



(3.30) 



The operators X^ = + V^da are known as covariant derivatives on T{U) and the plus sing 
in H3.28a|) before (hence in the r.h.s. of (|3.29|) ) is conventional. 

If {u^} and {u^} are local coordinates on open sets U ^ E and U E, respectively, and 
U nU 7^ 0, then, on the overlapping set U nU, a problem arises: how are connected the 
adapted frames corresponding to these coordinates? Let us mark with a tilde all quantities 

The non-degeneracy of [A'^^] follows from the fact that the vector fields Tr*\/^h{e'^) — ylj;^7r, (g^) form a 
basis for X{n{U)) C X(M). 
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iJ. 



that refer to the coordinates {u^}. Since the adapted frames are, by definitions, speciaUzed 
ones, we can write (see ()3.4() ') 

{X„Xa) = iX.,Xh) ■ A = ■ (^J^ , (3.31a) 

where the transformation matrix A and its inverse have the form 1)3. 16(1 . Recalhng 1)3. 2|) 
and (|3.3j) . from these equahties, we get 



du'' 




Combining 1)3. 29() and (|3.31|) . one can easily prove 

Proposition 3.2. A change {u^} ^ {u^} of the local bundle coordinates implies the following 
transformation of the 2-index coefficients of the connection: 

"^S " = (*?"' + ft?) P-'^' 

It is obvious, a connection is of class C", m € N U {0}, if and only if its coefficients 
rjj are functions on [/, provided dj are C™' vector fields on U (which is the case when E 
is a C'™''''^ manifold). By virtue of (|3.32j) . the C"""*"^ changes of the local bundle coordinates 
preserve the differentiability of V^. Thus the (27™+^ differentiability of the base M and 
bundle E spaces is a necessary condition for existence of C"^ connections on (E,7r,M)] 
as we assumed m = 1 in this work, the connections considered here can be at most of 
differentiability class C^. 

The next proposition states that a connection on a bundle is locally equivalent to a 
geometric object whose components transform like (|3.32p . 

Proposition 3.3. To any connection in a bundle {E, vr, M) can be assigned, according 
to the procedure described above, a geometrical object on E whose components in bundle 
coordinates {u^} on E transform according to (|3.32j) under a change {u^} ^ {u^} of the 
bundle coordinates on the intersection of the domains of {u^} and {u^}. Conversely, given 
a geometrical object on E with local transformation law (|3.32|) . there is a unique connection 
in {E, vr, M) which generates the components of that object as described above. 

Proof. The first part of the statement was proved above, when we constructed the adapted 
frame (|3.28a|) and derived ()3.32|) . To prove the second part, choose a point p G E and some 
local coordinates {u^} on an open set U in E containing p in which the geometrical object 
mentioned has local components F^. Define a local frame {Xj} = {X^,Xa} on U by ()3.28a|) . 
The required connection is then A'*: q i-^ A^ := {r^X^jg : r'^ € K} for any q ^ U, which 
means that A^ is the linear cover of {X^jg}. The transformation law ()3.32|) insures the 
independence of A'^ from the local coordinates employed in its definition. □ 

Prom the construction of an adapted frame {X/}, as well as from the proof of proposi- 
tion ESI follows that the set of vectors {X^} is a basis for the horizontal distribution A'' 
and the set {Xa} is a basis for the vertical distribution A^. The matrix of the restricted 
tangent projection 7r*|^h in bundle coordinates {u^ = otTjU""} on E, where {x^} are local 

= (5J^ for any point p in the 



ott) 



coordinates on M, is the identity matrix as (vr^l^hy^ — — 
domain of {u^}. Hereof we get 

d ( ...... d 



^*\a4X,) = ^ vr,U.(X^|,) = — ^J. (3.33) 
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In particular, from here follows that vr^l^h : — > T^(,p-^{M) is a vector space isomorphism. 
The inverse to equation H3.33() . viz. 




(3.34) 



can be used in an equivalent definition of a frame {Xi} adapted to local coordinates {u^}, 
namely, this is the frame ((vr*|^h)~^ o vr*(g£jr), gfa")- accepts such a definition of an 

adapted frame for A'^, the (2-index) coefficients of A'' have to be defined via the expan- 
sion H3.28a|) : the only changes this may entail are in the proofs of some results, like 1)3. 31|) 
and (TO^ . 

It is useful to be recorded also the simple fact that, by construction, we have 

7r,(X„) = 0. (3.35) 

Let -E be a manifold and A'* be a connection. The adapted frames are generally 
anholonomic as the commutators between the basic vector fields of the adapted frame ()3.28a() 
are (cf. and (TT^ 'l 

[Xf^,X„]_ = Rlj^^Xa [Xf^,Xb]_= "V^^Xa [Xa,Xb]_ = 0, (3.36) 

with 

r;. = df^iK) - 5,(r;i) + r^96(r«) - t%{t';^) = x^(r^) - x,(r«) (3.37a) 

T^^ = -a,(rp = -x,(rp (3.37b) 

being the fibre components of the curvature and fibre coefficients of the connection. An 
obvious corollary from (|3.37() is 

Proposition 3.4. An adapted frame is holonomic if and only if 

R% = (^ n = 0) T^^ = 0. (3.38) 

Therefore only the fiat (integrable) connections, for which $7 = 0, may admit holo- 
nomic adapted frames. Besides, as a consequence of ()3.37bll and (jHSHl), such connections 
admit holonomic adapted frames onU Q E if and only if there are local coordinates on U in 
which the coefficients are constant on the fibres passing through U, i.e. iff = o vr 
for some functions : tt{U) — > K, which is equivalent to df,{T^) = 0. 

Example 3.1 (horizontal lifting of a path) . Recall, the horizontal lift of a path 7 : J ^ M 
passing through a point p £ 7r~^(7(to)) for some to £ is the unique path 7^: J ^ E such 
that vr o 7p = 7, 7p(to) = P, and 7p(t) G ^^p(t) ^"-"^ t £ J. As in a specialized frame {e/} 
the relation Xp S A^ is equivalent to e°'{X) = for any X S X{M), in an adapted coframe, 
given by ()3.28b|) , the horizontal lift jp of 7 is the unique solution of the initial value problem 



a;"(%) = (3.39a) 
%{to) = P (3.39b) 



which is tantamount to any one of the initial- value problems (t € J) 



%it)-r';,{%it))%{t) = o (EHlIa) 
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d(n"o7„(t)) „^ , ,,d(x'' o7(t)) 

n\%{to)) = u\p), (ESni'b) 

where {x'^} are the local coordinates in the base that induce the basic coordinates {u^} on 
the bundle space, = x^^ o vr. (Note that the quantities ^^eH^MI^ entering into (fT^^Tal) . 
are the components of the vector 7 tangent to 7 at parameter value t.) One may call ()3.39ap . 
or any one of its versions (l.'llffllal) or (|3.39ra|) . the parallel transport equation in an adapted 
frame as it uniquely determines the parallel transport along the restriction of 7 to any closed 
subinterval in J (see definition IH.2|) . 



Example 3.2 (the equation of geodesic paths). A connection A'' on the tangent bundle 
{T{M),ttt, M) of a manifold M is called a connection on M. In this case, equation H3.39() 
defines also the geodesies (relative to A'^) in M. A path 7: J ^ M in a manifold 
M is called a geodesic path if its tangent vector field 7 undergoes parallel transport along 
the same path 7, i.e. P"'^^'^''^\'y{a)) = 7(t) for all a,T G J, which means that the lifted path 
7: J ^ T{M) is a horizontal lift of 7 (relative to A'^). So, if {x^} are local coordinates on 
tt{U) E M and the bundle coordinates on [/ C S are such that [5, sect. 1.25] = x^ o tt 
and u^^^ = dx^ (//, i/, • • • = 1, . . . , n = dimM), then (|3.39ra|) transforms into the geodesic 
equation (on M) 

^!(^^_r-",,(,)2(^:^ = „ ,3.40) 

which (locally) defines all geodesies in M. (With obvious renumbering of the indices, one 
usually writes for T^~^^.) Of course, a particular geodesic is specified by fixing some initial 
values for 7(to) and 7(to) for some to € J. Notice, equation 1)3. 4U() is an equation for a path 
7 in M, while (|3.39ra|) is an equation for the lifted path 7 in T(M) provided the path 7 in 
M is known; for a geodesic path, evidently, we have 7 = 7. 



4. Connections on vector bundles 

In this section, by {E,tt,M) we shall denote an arbitrary vector bundle [23]. A peculiarity 
of such bundles is that their fibres are isomorphic vector spaces, which leads to a natural 
description of the vertical distribution A^ on their fibre spaces, as well as to existence of a 
kind of differentiation of their sections (known as covariant differentiation). 

In the vector bundles are used, as we shall do in this section, the so-called vector bundle 
coordinates which are linear on their fibres and are constructed as follows (cf. [27, p. 30]). 

Let {ca} be a frame in E over a subset Um Q M, i.e. {ea{x)} to be a basis in 7r~^{x) for 
all x S Um- Then, for each p € 7r^^(f7A/), we have a unique expansion p = p"ea(vr(p)) for 
some numbers p'' € K. The vector fibre coordinates on vr~^(C/Af) induced (generated) by 
the frame {ca} are defined via u°'{p) := p"" and hence can be identified with the elements of 
the coframe {e"} dual to {ea}, i.e. = e". Conversely, if {u^} are coordinates on tt'^IUm) 
for some Um M which are linear on the fibres over Um, then there is a unique frame {ca} 
in ir^^{UM) which generates {n°} as just described; indeed, considering u"-"*"^, . . . , u""'"'" as 
1-forms on 7r~^{UM), one should define the frame {ca} required as a one whose dual is 
i.e. via the conditions u"'{eb) = 5^. 

A collection {u^} of basic coordinates {u^} and vector fibre coordinates {u"'} on tt^^{Um) 
is called vector bundle coordinates on 7r^^(C/ m)- Only such coordinates on E will be employed 
in this section. 
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4.1. Vertical lifts 

The idea of describing the vertical distribution A'' on a vector bundle is that, if L is a 
vector space, then to any Y £ L there corresponds a 'vertical' vector field V" £ ^{L) = 
Sec(T(L), TTy, L) whose value at X G L is the vector tangent to the path t X + tY £ L, 
with t G M, at t = 0, i.e. Y^lx := ^[^^^(X + ty). Here and below, with Sec{E,TT,M) (resp. 
Sec'"(£', TT, M) with m G N U {0}) we denote the module of sections (resp. sections) of a 
bundle {E,7:,M) (resp. of a 6""+^ bundle {E,7:,M)). 

Let {E,Tr,M) be a vector bundle and A'' the vertical distribution on it, viz., for each 



p e E, : p 



A'' 
p 



Tp{iT {tt{p))). To every Y G Sec{E , tt , M) , we assign a vertical 



vector field Y"" G A^ on E such that, for p £ E, 

_d 

' dt 



P ■" 



Y^\ 



t=o 



(p + tyi^(p)). 



(4.1) 



(The mapping (p,y^(p)) 
the vertical bundle V(-E') 
and 2.2.2].) 



Yp defines an isomorphism from the pullback bundle Tr*E into 
see [23, sections 1.27 and 1.28] and also [27, p. 41, exercises 2.2.1 



Lemma 4.1. Let {u""} be vector fibre coordinates generated by a frame {ca} on M . If 
Y G Sec(S, TT, M) and Y = Y'^Ca, then 



Y" = (y" o tt) 
Proof. Using the definition (|4.1j) . we get for p £ E: 



d 



(4.2) 



v'"\ — — 
'^"dt 



t=0 



d(n'^(p + tyL(p))) 



dt 



d 



d(p" + ty'*(7r(p))) 



dt 



d 



=0 du"- 



d 



(y"o 



n 



If y G Sec(£;,7r,M), the vector field y := v{Y) G A'', defined via (jHH), is called the 
vertical lift of the section Y and, in vector bundle coordinates, is (locally) given by 1)4. 2() . 



Proposition 4.1. The mapping 

v. Sec{E,TT,M) 
v-.Y^Y^-.p^Y"" 



{vector fields in A^} 



dt 



(4.3) 



t=o 



is a bisection and it and its inverse are linear mapping. 



Proof. The linearity and injectivity of v follow directly from 1)4. 1|) . Now we shall prove that, 
for each Z G A'', there is a y G Sec(ii^,7r, M) such that Y"" = Z, i.e. v is also surjective. Let 
Z = Z'^-^ja, with {u^} being (local) vector bundle coordinates on E and the functions Z'^ 
being constant on the fibres of E, that is Z^ = o tt for some functions z^ on M. Define 
y = z^'Ca with {e^} being the frame in E over M generating {u^}. By lemma HTTl we have 
Y'" = (z"" o vr)jA- = Z"'j^ = Z. The linearity of follows from here too. □ 



Consider a section uj of the bundle dual to {E,Tr,M) [23]. Its vertical lift lo^ is a 1-form 
on A" such that, for Z G A^ and p G E, LOv{Z)\p = a;(y)|^(p) for the unique section 
y G Sec(£', 7r,M) with Y^ = Z (see proposition 14.11) . i.e. we have iOy{-)\p = {to o ^^~"^(-))l7r(p) 
which means that 



u;,iZ) = {coov-'{Z))o7r or oj,iY^)\p = u;{Y)\^(^p) (= c^,(p)(y,(p))). (4.4) 
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If {e" = u""} is the coframe dual to {ca}, and lo = Wae"", then in the coframe {du"} dual 
to {-£a}, we can write (cf. 

LHy = {uJa O TT)du"'. (4.5) 

It should be mentioned, 'vertical' lifts of vector fields or 1-forms over the base space are 
generally not defined unless E = T{M) or E = T*(M), respectively. 

Let a'* be a connection on {E,7:,M) and cp: E IK be a mapping. Since any 
X G ^(E) can uniquely be written as a direct sum X = v(X) © h{X), with v{X) G and 
h{X) G A'', we have = ip^,{v{X)) + (p^{h{X)) G X{M). If {Z/} is a specialized frame 

in T{E) and {Z^} is its dual coframe of one-forms on we immediately get 

if. = {MZa))Z'' + {p.{Z^))Z^' = {Za{v))Z'' + {Z^{^))Z>' (4.6) 

as X = X^ Zi entails v{X) = X'^Za and h{X) = X^'Z^; in particular, holds in any 

adapted (co)frame (|3.28jl and/or a section of the bundle {E,7r,M). If {u^} are vector 
bundle coordinates, in the (co)frame ()3.28|) adapted to them, we have Z^j = X^, Za = da, 
= ijj^ = du^, = w'^, and we can write the expansion ip = Pau"" with pa'- E ^ "K. 
Thus (|4.6j) takes the form 

p^ = ifa^"" + {X^,{ipaU"'))uJ^' = py + {X^{ipaU''))uJ^', 

where (|4.5|) was applied. 

A section Y of (E, vr, M) and section uj of the bundle dual to (E, vr, M) can be lifted 
vertically via the mappings 

v-.Y^VgA" (4.7a) 

UJ i-^ LOv (4-7b) 

respectively given by ()4.3() and 1)4. 4|) (see also 1)4. 2|) and 1)4. 5() ). These mappings do not require 
a connection and arise only from the fibre structure of the bundle space induced from the 
projection vr: E ^ M. 

If a connection A'* on {E,Tr,M) is given, it generates horizontal lifts of the vector fields 
on the base space M and of the one-forms on the same base space M into respectively vector 
fields in A'' and linear mappings on the vector fields in A'*. Precisely, if F G X{M) and 
(j) G A^{M), their horizontal lifts are defined by the mappings 

F^F^^/S!" with F'^-.p^ F^f := {ti^\^h)-'^{F^(p)) peE (4.8a) 
(t)^4>h with 0/1 := </> o vr^I^h : p 1-^ 0;,|p = o (vr^l^h). (4.8b) 

The horizontal lift (ph of (j) can also be defined alternatively via 

<^,(F'^)|p = </.(F)U(p) (4.9) 

which equation is tantamount to ()4.8b|l . 

Let {u^ = x'^oTT, u"} be vector bundle coordinates and {X/} (resp. {<jJ/}) be the adapted 
to them frame (resp. coframe) constructed from them according to (|3.28j) . If 1" = V^Ca, 

Since 7r«(Ap) — O-^(p) £ r^(p)(M), p £ E, we can say that only the zero vector field over M has vertical 
lifts relative to n and any vector field in A" is its vertical lift. This conclusion is independent of the existence 
of a connection on {E, n, M) and depends only on the fibre structure of E induced by vr. 

Alternatively, one may define <^'^ = <^o7r* = tv* {(()), which expands the domain of 0^, defined by ll4.8bL on 
the whole space X{E). Obviously, = (phiZ) for Z e A*" C X{E) and (^^(Z) = for Z G X(E) \{X e 

A''}. 
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ID 



Lo = ujae"-, F = F^"-^ e X{M), and (j) = 4>^,^.x^' G h^{M), the equations and (B31l 
imply 

= (y^ o 7r)X, = (a;,0 7rK, (4.10) 
while from (|4.8|) and (|.S.33|) . one gets 

F'* = (F^ o vr)X^ 0;, = (0^ o vrK, (4.11) 

which agree with (|3.15j) . 

4.2. The tangent and cotangent bundle cases 

As an example, in the present subsection is considered a connection A'^ on the tangent bundle 
{T{M),TTT,M) over a manifold M. 

A vector field Y € X{M) = Sec(r(M), vtt, M) has unique vertical lift V G A" (which is 
independent of A'^) and unique horizontal lift given by (see 1)4.31) ) 

:= viY) e A'" y'^ := ((vtt)* I A'0"^(^) e A^, (4.12) 

the last equality meaning that Y^ := ((7rr)*|A'>)^^(^)! which is correct as (vrT)*|A''- ~^ 
T^(^p){M) is an isomorphism. Respectively, if a; is 1-form on M, it has vertical lift uj^j (which 
is independent of A'^) and horizontal lift w/^, which is one-form on A'^, defined by (see 1)4. 4|1 ) 

uJv{Z) = {uj o v~^{Z)) oTTx ijJh := uj o {tit)* = vry(a;). (4-13) 
The horizontal lift of oj has the properties 

ujh{Y'") = for Ye X{M) (4.14a) 
uJh{Y^) = (w(y)) o VTT for Y G X{M), (4.14b) 

the first of which is equivalent to 

uJh{Z) =0 for Z G A^ (jUIli) 

due to proposition 14.11 

Thus there arises a hft X{M) X{T{M)) such that the lift of Y £ X{M) is Y £ 
X{T{M)) with 

Y:=Y'"®Y^. (4.15) 
Obviously, this decomposition respects definition 14. II and 

{7rTUY) = {7rTUY'') = Y. (4.16) 

The dual lift uj ^ uj £ A^{T{M)) of a 1-form uj G A^(M) is given by 

u = ujy®ujh. (4.17) 

As a result of (|4.4|) and 1)4. 14() . we have 

LoiY) = Lo^iY'') + uJh{Y^) = 2{u{Y)) o ttt- (4.18) 

At last, let us look on the vertical and/or horizontal lifts from the view point of local 
bases/frames. 

In a case of the tangent bundle (r(M), ttt, M) (resp. cotangent bundle (r*(M), vr^, M)) 
over a manifold M, any coordinate system {x^} on an open set Um ^ M induces natural 
vector bundle coordinates in the bundle space [5, sec. 1.25] (see also [27, pp. 8, 43]). For 
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II 



the purpose, we put = g|jr, so that = dx^ and we get {X,fi,... = 1, . . . ,dimAf and 
a,b = dim M + 1, . . . , 2 dim M) 

{u^} = {xi" o TTT, dx"} i.e. = o m'^ = dx"-'^™*^ (4.19a) 
on 7r^^(C/Af) in the tangent bundle case, and 



K} = {x'^o7rr*,(-) 



d 



I.e. li'^ 



9 



(4.19b) 



on TTrpliUM) 3 in the cotangent bundle case. In connection with the higher order 
(co)tangent bundles, it is convenient the vector fibre coordinates to be denoted also as 

■= xi" := dxi" in T(M) and by n^(-) = (^(alr) in T*(M). 

Consider the vector bundle coordinates {u^^ = x^^ otttiUi = dx*^} on t:^'^{Um)- They in- 
duce the frame {(9^ = d}, = gfi7| and the coframe {du^, dii^'} on ^^^{Um) and Tr^}{UM), 
respectively. According to (|.S.3nj) . they induce the following adapted frame and its dual 
coframe: 



{x„xl^) = {d,,dl) 







du' 



du^ 



(a^ + r;:a^,a^) 

du^' \ 
d^-ri^d-u^ ' 



(4.20a) 
(4.20b) 



where, as accepted in the (co)tangent bundle case, a fibre index, like a, is replace with a 
base index, like /i, according to a i— > /i = a — dimM, which leads to identification like 

Consider a vector field Y = ^^gfjr £ X{M) and 1-form r] = rj^dx'^ £ A^(M). According 
to (|4.2|1 and (|4.5|1 . their vertical lifts are 

= (yM o ^y)Xi e t?^ = (77^ o ^2., )'^f (4.2la) 

and similarly, due to (|4.1H) . the horizontal lifts of Y and rj are 

y^ = (yM o vrT)X^ G A'^ 7?'^ = (r/^oTTT*)^''- (4.21b) 



4.3. Linear connections on vector bundles 

The most valued structures in/on vector bundles are the ones which are compatible/consistent 
with the linear structure of the fibres of these bundles. Since a distribution A : p 1— > Ap C 
Tp{E), p G E, on the bundle space of a (vector) bundle {E,Tr,M) cannot be considered 
as a linear mapping without additional hypotheses, the concept of a linear connection arises 
from the one of the parallel transport assigned to a connection (see definition 13. 2() . (For an 
alternative approach, see [21, p. 42].) 

Definition 4.1. A connection on a vector bundle is called linear if the assigned to it parallel 
transport is a linear mapping along every path in the base space, i.e. if the mapping 1)3. 13|) 
is linear for all paths 7 : [u, r] — > M in the base. 

The restriction on a connection to be linear is quite severe and is described locally by 

Theorem 4.1 (cf. [20, sec. 5.2] ). Let {E,it,M) he a vector bundle, {u^} he vector bundle 
coordinates on an open set U C E, and be a connection on it described in the frame 
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{Xj}, adapted to {u^}, by its 2-index coefficients (see (|:-{.27j) ~ (|:-{.29j) ). The connection A'' 
is linear if and only if, for each p G U, 

n(p) = -nMp)y(p) = ° ^) • n')ipi (4.22) 

where r?|7r(C/) — > K are some functions on the set tt{U) C M and the minus sign before 
^" in (14.221) is conventional. 



Proof. Take a path 7 : [cr, r] ^ '?r(C/) and consider the parahel transport equation (|T^^ra|) 
viz. 

KiUm^it), (4.23) 



d7g(t) 
dt -V^'P^ 



where 7^: [cr, r] — > ?7 is the horizontal hft of 7 through p G vr (7(0")), 7" := u'^ o 7, and 

'j^it) = '^^^''^7^*^'* ~ '^^"^df^^*^^ as u'^ = x'^ o TT for some coordinates {x'^} on it{U). 
SUFFICIENCY. If KTH holds, ^^TM is transformed into 



^ = -a(7(t))7^ 



rUim'Mnt), (4.24) 



which is a system of r linear-first order ordinary differential equations for the r functions 
T'p"'"^, . . . ,7p''''^. According to the general theorems of existence and uniqueness of the solu- 
tions of such systems [29], it has a unique solution 

r,{t)=Y,^{t)p' (4.25) 

satisfying the initial condition ^p{cr) = u"'{p) =: p^, where Y = [Y^] is the fundamental 
solution of i.e. 

^ = -[n,{im'(iTaT=n+i ■ Y{t) Y{a) = 1.x. = K]. (4.26) 

The linearity of (|3.13jl in p follows from (|4.25|) for t = t. 

NECESSITY. Suppose IfTH^ is linear in p for all paths 7: [a,r] -it{U). Then %{t) := 
P7l['^,t](p) is the horizontal lift of -f\[a,t] through p and (cf. ItTM ) j^{t) = A'^{-f{t))p'' for 
some functions A'^: tt{U) K. The substitution of this equation in (|4.23p results into 



dA'^ix) 



^x^^ 



m ^V = r;i(7p(t))7^(t). 



Since 7: [<t,t] —i- M, we get equation (|4.22j) from here, for t = a, with r^^(j;) = for 

x € 7r(C/). □ 

The functions F^^ : Tr{U) — > IK will be referred as the (local) 3-index coefficients of the 
linear connection A'' in the adapted frame {Xj}. If there is no risk to confuse them with 
the 2-index coefficients F^ : C7 ^ K, they will be called simply coefficients of A'^. Note, the 
2-index coefficients of a linear connections are defined on (a subset of) the bundle space E, 
while the 3-index ones are define on (a subset of) the base space M. The equation (|4.24j) is 
simply the parallel transport equation for the linear connection considered. 

Example 4.1. Since u"" is replaced by Uj* = dx'^ in the tangent bundle case (see Subsect. l4.2|) . 
the linear connections in (T(M), vr^^, M) have 2-index coefficients of the form 

K = -in, o ttt) ■ = -(F^^ o vtt) • dx^ (4.27) 
and, consequently, they can be regarded as 1-forms on M. 
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Consider a linear connection A'^ on a vector bundle {E,7r,M). Let FJJ and T^^ be its 2- 
and 3- index coefficients, respectively, in a frame {X[} adapted to vector bundle coordinates 

W}. 

Corollary 4.1. The 3-index coefficients F^^ of a linear connection uniquely define the 
fibre coefficients of in {Xj} by 

T?^ = F?^o7r = 7r*(F^^), (4.28) 

that is the fibre coefficients of a linear connection are equal to the 3-index ones lifted by the 
projection vr. 

Proof Since (|3.28a|) and imply 

[X^,X,]. = (F^^ovr)X„, (4.29) 

the equation follows from (I3.22al) and (I3.23al) or (I3.37bl) and □ 

As the vector bundle coordinates {u^} are, by definition, linear on the fibres of the bundle, 
the general change of such coordinates is 

{u^", u"} ^ {u^ = xf'oTT,u'' = {Bt o tt) ■ n^}, (4.30) 

with B = [B^] being a non-degenerate matrix- valued function on vr([/). The change (|4.3()j) 
entails the following transformation of the corresponding adapted frames 

{X^,Xa} ^ {X^ = (B;: o vr) • X„Xa = (5^ o vr) • X^}, (4.31) 

where [B^] = [||jr] is a non-degenerate matrix-valued function on the intersection of the 
domains of {x^} and {x^}. (In dOU we have used that = ffSylp = ii^L(p)-) 

Proposition 4.2. The change (|4.3U|) implies the following transformations of the 3-index 
coefficients of the linear connection: 

- = B;[B2Tt - ^)iB-% (4.32) 

Proof. Apply (|4.3H) . (|3.32j) and (|4.22|) . Alternatively, the same transformation law follows 
also from equations H3.24a|) and (|4.28|) . □ 

If we introduce the matrix-valued functions F^ := [F^^] and F^ := [F^^] on M, we can 
rewrite 1)4. 32() as 



F„ ^ F„ =Br. iB-T,,- — ] -B-^ 



dB 

M' - - [B ■ l u - g^, 

b:b.(t,.b-^ + ^^ 



dx'^ 

This relation correspond to ()3.25|) with [j4^] = B^^on (see also ()4.28() ) as the frame {ca ■ M — > 
E}, relative to which the vector fibre coordinates are defined {E 3 p ^ u'^{p) with 

p = n"(p)ea(7r(p))), transforms via the matrix inverse to i? o vr. 

Let -E be a manifold and A'^ a connection on {E,7r,M). Substituting (|4.22j) 
into H3.37a|) . we get the fibre components of the curvature of a linear connection as 

R% = -{Rlu°^)-u' (4.33) 
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where 



da ^ a 

^b^lu '■= Q^^^bu) - Q^^^btJ.) - ^btJ^cu + ^bu^tfi^ (4.34) 



or in a matrix form 



:= [Rt,.] = - 9^ - • r, + r, • r., 631) 



are the components of the curvature operator (see below 1)4. 52[) ). As a result of p.22b|) 
and (|4.33j) . the transformation (|4.3fl|l entails the change 

Rl. ^ = B^^B^,{B-^)lBtRl^^, (4.35) 

or in a matrix form 

R^.u ^ R^.u = B^B^B-' ■ Rx, ■ B, gSSI) 
which corresponds to H3.24b|) with A = B^^ o vr (see also (|4.33() ). 

4.4. Covariant derivatives in vector bundles 

A possibility for introduction of differentiation in vector bundles, endowed with connection, 
comes from the vector space structure of their fibres. This operation can be defined in many 
independent ways, leading to identical results. In one of them is involved the parallel trans- 
port induced by the connection: the idea is the values of sections to be parallel transported 
(along paths in the base) into a single fibre (over the paths), where one can work with the 
'transported' sections as with functions with values in a vector space. Other method uses 
the existence of natural vertical lifts of sections of the bundle and horizontal lifts of the 
vector fields on the base space; since the both lifts are vector fields on the bundle space, 
their commutator (or Lie derivative relative to each other) is well defined and can be used 
as a prototype of some sort of differentiation. We shall realize below the second method 
mentioned, which seems is first introduced in a rudimentary form in [20, p. 31]. The 
first way, as well as the axiomatic approach, for introduction of covariant derivatives will be 
obtained as theorems in what follows. 

Let {E, vr, M) be a vector bundle on which a linear connection A'^ is defined. Suppose 
{Ea} is a frame in E to which vector fibre coordinates are associated and {u^} be 

the corresponding vector bundle coordinates. The frame adapted to {u^} will be denoted 
by {Xj} and {u>^} will be its dual coframe, both defined by (|3.28|) through the (2-index) 
coefficients L" of A'^. 

Let Z = Z^-Xa G A^ and Z = Z^^X^ € A'' be respectively vertical and horizontal vector 
fields on E. Define a mapping V: A'' A'' = T{E) X{E) such that 

V: {Z,Z)^Vz{Z) ■.= n{CzZ)^X{E), (4.36) 
where the (1,1) tensor field 

n:=^Xa(»a;" (4.37) 



In [20, p. 31] is proved that, for F — and in our notation, the a-th component of the right hand 
sides of 14.4411 and of (14.4511 coincide in a frame {Ea} in E. 

An equivalent alternative approach is realized in [23, sections 2.49-2.52]. 

The idea of the construction 14.3611 is to drag the vertical vector field Z along the horizontal one Z, which 
will give a vector field in X{E), and then to project the result onto the vertical distribution A" by means of 
the invariant projection operator 11 = Xa ® : X{E) — > X{E). Evidently 11^ = 11 o n = If and If is the unit 
(identity) tensor in the tensor product of vector fields and 1-forms on E. 
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is considered as a operator on the set of vector fields on E. Since (see ()2.1b|) and (|2.7)) ) 

and = 6'^ = 0, form inOHl) . (l3..S7bl) and (lOHl) . we obtain 

i/zZ = Z^'iX^iZ^) - Z'db{T';,)}Xa, (4.38) 

from where one can prove, via direct calculation, the independence of V^Z of the particular 
(co)frame used. For any particular point p E, the value of the vector field (|4.38)) is a vertical 
vector, (V^Z)lp G Ap, but generally V^Z is not a vertical vector field. The reason is that a 
vertical vector field on £J is a mapping V : p i—f Vp G := Tp (7r~^(7r(p)) := Tj(p)(7r~^(7r(p)) = 
i'^*\p)~^{^TT{p))i with i: n~^{p) E being the inclusion mapping and 0^(p) G T^(p)(M) being 
the zero vector, due to which Vp, and hence its components, must depend only on 7r(p) € M. 
Therefore, we have 

V^Z G A'^ ^ a,(rp = -r^^ o vr ^ = -(r^^ o vr) . + o n, (4.39) 

for some functions F^^, : M — K. Thus V^Z is a vertical vector field if and only if the 
2-index coefficients in {Xj} of the connection A'* are of the form 

r^ = -(r?^°vr).^z^ + G^ovr. (4.40) 

This equality selects the set of affine connections among all connections (see Subsect 14.51 
below); in particular, of this type are the linear connections for which G° = and F^^ 
are their 3- index coefficients (see 1)4. 22() ). For connections with 2-index coefficients (|4.4U() . 
equation (|4.38j) reduces to 

VzZ = Z'^lX^iZ'^) + Z\Tl o 7T)}Xa E A^ (4.41) 

Now the idea of introduction of a covariant derivative of a section Y G Sec(i?, vr, M) along 
a vector field F E X{M) is to 'lower the operator V from T{E) to T{M). 

Definition 4.2. A covariant derivative or covariant derivative operator, associated to a 
linear (or affine) connection A'' on a vector bundle {E,7r,M), is a mapping 

V : X{M) X Sec^(^, vr, M) ^ Sec°(^, tt, M) 

V: (F,y) ^ VpY ^ ■ ' 

such that, for F € X{M) and Y G Sec^^^, tt, M), S/pY is the unique section of {E,7r,M) 
whose vertical lift is S/phY^, with V defined by (|4.36j) (or (|4.4H) \ viz. 

(Vi.y)V= Vp^y^ (4.43) 

or 

(VfY) = o V(,.|^^)^i(p)(^(y)), (4.44) 

where F^ E A'^ and Y^ E A^ are respectively the horizontal and vertical lifts of F and Y. 

Remark 4.1. Definition 14 . 21 and the rest of this subsection are valid also for affine connections 
for which (|4.4U|) holds, not only for the linear ones. For some details, see Subsect. 14.51 



Usually the affine connections are defined on affine bundles [2,21]. 
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Proposition 4.3. Let {Ea} be a frame in E and {x^} local coordinates on M . If Y = 
V^Ea G Sec^(-E, vr, M) and F = F^-^ G ^{M), then we have the explicit local expression 

/BY"- \ 

^FY = F^[-^+Tt^Y')E^. (4.45) 

Proof. Apply (ITOl) . (ITOl) . (FnT) . (lOTT) . and (jOJ. □ 

Proposition 4.4. Let A'^ be a linear connection on {E, vr, M) and P be the generated by it 
parallel transport. Let x G M, 7: [a, r] — M, 7(to) = a; for some to G [c, r], and 7(to) = -^x; 
i.e. 7 to 6e t/ie integral path of F G X{M) through x. Then 

s^to s — to e^O e 

where Y G Sec^(£^, tt, M) ond 

p;^,^JP^";;" (4.47) 

Proof. Use definition 13.21 and apply the parallel transport equation 1)4.24(1 with initial value 
7K,(,) (s) = at the point t = s G [a, r] . □ 

By proposition 14.41 the equation (|4.46() can be used as an equivalent definition of a 
covariant derivative associated with a linear connection. 

Proposition 4.5. Let F,G e X{M), Y, Z e Sec^(^, vr, M), and f : M ^ K be a function. 
Then: 

Vp+aY = ^fY + VgY (4.48a) 

VfFY = fVFY (4.48b) 

Vf{Y + Z) = VfY + VfZ (4.48c) 

VF{fY) = F{f)-Y + f-VFY. (4.48d) 

Proof Apply (|4.45j) . □ 

Proposition 4.6. //a mapping (j4.42j) satisfies (j4.48|) . i/iere exists a unique linear connection 
A^, i/ie assigned to which covariant derivative is exactly V. 

Proof. Define local functions T^^ on M, called components of V, by the decomposition 

V^Eh =: Tl Ea. (4.49) 

A simple verification proves that they transform according to (|4.H2j) and hence the quan- 
tities ()4.22|) transform by p. 32(1 . Proposition 13.31 ensures the existence of a unique linear 
connection whose 2-index (3-index) coefficients are (r^^)- Thus the covariant derivative 
of y G Sec(ii;,7r, M) relative to F G X{M) is given by the r.h.s. of ()4.45|) . On another 
hand, (j4.48;) entail (j4.45j) . with defined by (j4.49j) . so that V is exactly the covariant 
derivative operator assigned to the connection with 3-index coefficients F^^. □ 

Consequently, equations (|4.48() and ()4.49l) provide a third equivalent definition of a co- 
variant derivative (covariant derivative operator). Moreover, since proposition l4.6l establishes 
a bijective correspondence between linear connections and operators ()4.42|) satisfying ()4.48|) . 
quite often such operators are called linear connections. As it is clear from the proof of 
proposition l^ni the bijection between linear connection and covariant derivative operators is 
locally given by the coincidence of their (3-index) coefficients and components, respectively. 

^'^ See also [23, sections 2.15 and 2.52]. 
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Exercise 4.1. A section u = uJaE"" of the bundle dual to {E, vr, M) can be differentiated 
covariantly similarly to the sections of {E, vr, M). Show that the corresponding operator, say 
V*, can equivalently be defined by (the 'Leibnitz rule') 

(V>w)(y) = F{u{Y)) - u{VfY) (4.50) 

and locally is valid the equation 

Equipped with the covariant derivative V assigned to a linear connection A'*, we 
define the curvature operator of A'^ (or V) by 



(4.52) 



R : X{M) X X{M) End{Sec{E , tt , M)) 
R: {F,G) ^ R{F,G) := o Vg - Vg o - V[^,G]. 

with End(. . . ) denoting the set of endomorphisms of (.••)• 

Exercise 4.2. Prove that locally 

{R{F,G)){Y) = {Rl^^Y^F^^CnEa, (4.53) 

where the functions R^,^^ : M — > K, called the components of the curvature operator R in the 
pair of frames ({^fjr}, {Ea}), are defined by 

d_ _d 

' dx 

and are explicitly expressed through the coefficients of V(= 3-index coefficients of A'^) 
via (jO^ . 

A linear connection or covariant derivative operator is called flat or curvature free if 

R = (^i?a^^ = o). (4.55) 

Obviously, the flatness of A'^ or V is a necessary and sufficient condition for the (local) inte- 
grability of the horizontal distribution A'^ : p ^ C Tp{E), p e E (see ()3.23bjl and 

Theorem 4.2. Let Y be a section of a vector bundle {E, it, M) endowed with a linear 
connection A^. The following three conditions are equivalent: 

(i) Y is covariantly constant, viz., if F ^ X{M), then 

VfY = Q. (4.56) 

(ii) Y is a solution of A^ , i.e. 

Imn C A'^ ( ^ K|,(r,(M)) C A^^ for x G M). (4.57) 

(iii) Y is parallelly transported along any path 7 : [a, r] — > M, 

p^(y^(.)) = y^(.). (4.58) 
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Proof. Since Y = u"-{Y)ea, tt oY = IcIm, and = du" — T^dn^, we have for x £ M: 



d 
dx>^ 



UJ 



afdiu^oY) 



dx>^ 



d 



+ 



diu" o Y) 


d 




dxi^ 


xdu°- 





dix" OTTOY) 



^x^^ 



dY" 



dxi^ 



dY" 



^dx'' 



-oy)(x). 



The equivalence of (i) and (ii) follows from here, ()4.22l) . (|4.45|) . and that A'* annihilates the 
1-forms uj", co^iZ) <^ Z e A^. 

If we rewrite the parallel transport equation (|4.24j) as (see (|4.45|) ) 



(^^,(4)7)17(4) = 0' 



(4.59) 



the equivalence of (i) and (iii) follows from definition 13.21 of a parallel transport and the 
arbitrariness of 7 in (|4.59|) . □ 

Exercise 4.3. Formulate and prove a theorem dual to theorem 14.21 e.g. a section if = (pau'^ 
of the bundle dual to {E,Tr,M) is a first integral of A'', i.e. Kerc^* 5 A'' ( (^*|p(Ap) = 
Oi^(p) e T^{p)0^) for P e -E), if and only if 



VV = 0. 



(4.60) 



Proposition 4.7 (cf. [20, p. 32] ). Let a linear connection A^ on a vector bundle be given 
andV^^ be its (3-index) coefficients. The following conditions are (locally) equivalent: 

(a) a'' is integrable. 

(b) A'^ is flat. 

(c) There exists a solution of the system of partial differential equations 



dxi' 







(4.61) 



relative to U"" and the solution of (|4.61j) satisfying U°'\x=xo 
B = [B^] is the fundamental solution of 1)4. 61() . viz. 



Ug is W = B^U^, where 



pa I 

-Dfe \ X=XQ 



St 



(4.62) 



(d) There is an integrating matrix B^^ for the 1-forms oj"" , that is {B~^ o '7r)^a;^ = d/", 
where the functions ii^ — > IK are first integrals of A^, i.e. Ker/" D A''. 

(e) The coefficients of A^ have the form 

for some matrix-valued function B on M. 

Proof, (a) <^=^ (b): See (|4.55)) and the comment after it. 

(c) <^=^ (e): The matrix form of the equation in (|4.62|) . i.e. 

^ + r,.i? = o, gSH) 

is tantamount to (|4.63|) . 

(b) <^=^ (c): The flatness of A'^, i.e. R^^ = (see (^SD), is the integrability condition 
for (HT^ as an equation relative to B - see [28, lemma 2.1]. 
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(c) 



(d): Since 



and the first equality in (|2.1cj) entail 



we have (see also (|4.28|) ) for a flat linear connection: 



o-p6 



(4.64) 



UJ 



{ 



-B 



-1 



dB 



( 



B]B 



-1 



o vr 



Y 

) b 



to 



Thus H4.62() . which entails (c), is equivalent to Cxfj,{{B^^ o vr)^ lo^) = 0, which is equivalent 
to d{(B~^ o Tr)l uj^) = 0, due to u;"(X^) = = and the second equality in (|2.1aj) (applied, 
e.g., for Y = Xy). Now the Poincare's lemma (see [4, sec. 6.3] or [30, pp. 21, 106]) tells us 
that locally (on a contractible region in E) there are functions on E such that the last 
equality is tantamount to d/° = {B~^ o vr)^ oj^. 

It remains to be proved that f"". E are first integrals of A^, i.e. Ker D A'^ which 
means (/")^,|p(Ap) = 0, p G or (/'*)*|p(X^) = as A'' is spanned by {X^}. Using the 
global chart (K, ids) on IC, which induces the one- vector frame {^} for r E K on K, we 
have (see (HORl) ! 



(r).wx,) = (r).i,(^+rt£, 



5 



j/ dr 



= 



as d/" = {B-' o tt)1 oj- 



%du' + l^dn^ = d/«. 



□ 



TL - f? = i?;: i?,^ri - (S-i)g. (4.66) 



4.5. AfRne connections 

In Subsect. 14.41 we met a class of connections on a vector bundle whose local 2-index coeffi- 
cients have the form (see (|4.40|) ) 

Tl = -{Tl^o^).u' + Glo^. (4.65) 

in the frame {Xj} adapted to vector bundle coordinates {u^}. From SfeF^ = — and (|3.32|) . 
one derives that the functions V^^ in (|4.65|) transform according to (|4.32j) . viz. 

when the vector bundle coordinates or adapted frames undergo the change (|4.30p or (|4.3ip . 
respectively. Thus, combining (|3.32j) . (|4.66|) and (|4.65j) . we see that (foil) or dOTTl implies 
the transition 

Gl^G1 = B^GlB-^. (4.67) 

Consequently, the functions F^^ in (|4.65)) are 3-index coefficients of a linear connection, while 
in it are the components of a linear mapping G: X{M) — > End(Sec((i?, vr, M)*)) such 
that G: G{F): oj ^ {G{F)){uj), for F G X{M) and a section u; of the bundle {E,7r,M)* 
dual to {E,TT,M), and {G[-^^)){E"') = The invariant description of the connections 
with local 2-index coefficients of the type (|4.65|) is as follows. 

Definition 4.3. A connection on a vector bundle is termed affine connection if the assigned 
to it parallel transport P is an affine mapping along all paths 7 : [cr, r] — > M in the base 
space, i.e. 

P^(pX) = pP^(X) + (1 - p)P^(O) (4.68a) 
P^{X + Y) = P^{X) + P^(y) - P^(0), (4.68b) 

where p G K, X, y G 7r^"'^(7(cj)), and is the zero vector in the fibre T:^'^{'^{cr)), which is a 
K- vector space. 
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Theorem 4.3. Let {E,tt,M) be a vector bundle, {u^} be vector bundle coordinates over an 
open set U C E, and A'* be a connection on it with 2-index coefficients in the frame {X/} 
adapted to {u^}- The connection A'' is an affine connection if and only if equation (|4.65j) 
holds for some functions F^^, GJJ : vr(C/) — > IfC. 

Proof (cf. the proof of theo rem \4-l}^ - Take a C"^ path 7: [cj, r] 7r([/) and consider the 
parahel transport equation ()3.39ra|) . viz. 

= m%{t))nt), (4.69) 

where 7^: [cr, r] — > ?7 is the horizontal hft of 7 through p G 7r^"'^(7(cj)), 7" := u"" o 7, and 
7'^(t) = ~ diw^&yit)) a,s ti^^ = x'^ o vr for some coordinates {x'^} on it{U). 

SUFFICIENCY. If (BUKl) holds, (lOTl) is transformed into 

= -riiimp(t)r{t) + G;{^{t))r{t), (4.70) 

which is a system of r linear inhomogeneous first order ordinary differential equations for the 
r functions 7^"''^, • • • ,Jp^^- According to the general theorems of existence and uniqueness 
of the solutions of such systems [29] , it has a unique solution 

r,{t) = K{t)p' + y^{t) (4.71) 

satisfying the initial condition 7p((j) = u"'{p) =: p", where Y = \Y^] is the fundamental 
solution of (see and y"-{t) is the solution of (IITU)) with y"(t) for j^{t) satisfying 

the initial condition y"'{(T) = 0. The affinity of in p, i.e. (|4.68|) . follows from (|4.71|) for 

t = T. 

NECESSITY. Suppose I^Tm is affine in p for all paths 7: [cr, r] 7r{U). Then %{t) := 
P7lht](p) is the horizontal lift of j\[cr,t] through p and (cf. (|T7T]) 1 j^{t) = A'^{j{t))p'' + 
A°'{j{t)) for some functions A"^, A"- : tt{U) K. The substitution of this equation in (|4.69j) 
results into 



dAtix) .^^,^dA^{x) 



dxi^ 



=7(t)=^(>W) dxi' 



m .-..•^"W- = r;i(>(0)7'^(0 



Since 7: [cr, r] M, we get equation 1)4. 65() from here, for t = a, with F^^(x) = and 

G2(^) = for ^ e ^(f^)- ° 

Proposition 4.8. There is a bijective mapping a between the sets of affine connections and 
of pairs of a linear connection and a linear mapping G: X[M) End(Sec((£', vr, M)*)). 

Proof If is an affine connection with 2-index coefficients give by (|4.65|) (see theo- 

rem l4.3() . then (see the discussion after equation 1)4. 65(1 ) to it corresponds the pair a( ^^A^) := 
( ^A^, G) of a linear connection, with 3-index coefficients F^^ and linear mapping G : X{M) 
End(Sec((-E', vr, M)*)), with components GJJ. Conversely, to a pair ( ^A^, G), locally described 
via the 3-index coefficients V^^ of ^A^ and components GJ^ of G, there corresponds an affine 
connection "^A^ = a~^{^A^,G) with 2-index coefficients given by (|4.H5|) . □ 

In Subsect. 14.41 it was demonstrated that covariant derivatives can be introduced for 
affine connections, not only for linear ones. 

Proposition 4.9. The covariant derivative for an affine connection "^A^ coincides with the 
one for the linear connection ^A^ given via a{^A^) = {^A^,G) with a defined in the proof 
of proposition I 
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Proof. Apply (lO^^ - dOKll . □ 

If a linear connection ^A^ and an affine one ^A'' are connected by a{^A'') = {^A^,G) 
for some G, then some of their characteristics coincide; e.g. such are their fibre coefficients 
(see (|3.37b|) . (|4.65|) and (|4.22|) ) and all quantities expressed via the corresponding to them 
(identical) covariant derivatives. However, quantities, containing (depending on) partial 
derivatives relative to the basic coordinates {u^}, are generally different for those connections. 
For instance, if ^R'^^ and ^R'^^ are the fibre components of the curvatures of "^A^ and ^A^, 
respectively, then, by (|3.37a|l and (|4.65j) . we have 



where (see ()4.34() 1 



^R;, = -( o vr) . - r;, o vr (4.72) 
X. = -(''^L.°^)-^' (4-73) 



: a ^ a ^ a 



■■= + A(Gp + r^^G^ - r^^G^ (4.75) 



and the functions Tj^^ have a sense of components of the torsion of ^A^ relative to G [21, 
pp. 42, 46]. 

Thus, in general, the affine connections and linear connections are essentially different. 
However, they imply identical theories of covariant derivatives. 

If, for some reason, the linear mapping G is fixed, then the set of linear connections { ^A'^} 
can be identified with the subset {a~^{^A^ , G)} of the set of affine connections { '^A'*}. We 
shall exemplify this situation on the tangent bundle (T(M), vrj-, M) over a manifold M. Using 
the base indices /i, i/, . . . for the fibre ones a,b, . . . according to the rule a fi = a — dimM 
(see Subsect. 14. 2() . we rewrite (|4.65() as 

r>i = -{T^^^onT)-u^ + G>ionT. (4.76) 

Now the affine connections on (T(M), vr-r, M) are the generalized affine connections on M [2, 
ch. Ill, § 3]. The choice of G via 

G>^:M^5^i, (4.77) 

which corresponds to the identical transformation of the spaces tangent to M, singles out 
the set of affine connections on M ~ see [2, ch. Ill, § 3] or [23, pp. 103-105] - (known also as 
Cartan connections on M [21, p. 46]) whose 2-index coefficients have the form (see (|4.76)) . 
(jlH?^ and K771 ) 

r(; = -(rLovrT)-dx^ + 5^ (4.78) 
Combining this with proposition 14.81 we derive 

Proposition 4.10 (cf. [2, ch. Ill, § 3, theorem 3.3]). There is a bijective correspondence 
between the sets of linear connections and of affine ones on a manifold. 

Often the terms "linear connection" and "affine connection" on a manifold are used as 
synonyms, due to the last result. 

5. Morphisms of bundles with connection 

A morphism between two bundles {E,Tr,M) and {E' ,7r' , M') is a pair of mappings {F, f) 
such that F : E ^ E' , f : M ^ M' , and tt' o F = f o IT. If (U, u) and ([/', u') are charts in E 

Some ideas in this section are borrowed from [20, ch. I, § 6] 
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and E' , respectively, and F{U) C U' , we have the following local representation of {F, f) 

F = u' o F o : u{U) ^ u' {U') (5.1a) 

(5.1b) 



f = x'ofox-^: x{V)^x'(V'), 



where {V, x) and (V' , x') are local charts respectively on M and M' . Further, we assume that 
U' = F(U) and that the charts in the base and bundle spaces respect the fibre structure, 
V = 7r{U) and V = it'{U') so that V' = f{V), and that the basic coordinates are u'^ = x^on 
and u'^ = x''^ o n' . Here and henceforth the quantities referring to {E' ,7r' , M') will inherit 
the same notation as the similar ones with respect to {E, vr, M) with exception of the prime 
symbol added to the latter ones; in particular, the primed indices A', fj,', i^', . • • and a' , b' , c', . • • 
run respectively over the ranges 1, . . . , n' = dimM' and n' + 1, . . . , n' + r' = dim£" with r' 
being the fibre dimension of (£", vr', M'), i.e. r' = dim((7r')~^(p') for p' € M' . 

Using the local coordinates {x^} on M and {u^ = x^ o tt, u"} on E, we rewrite (|5.1|) as 

(cf. (EH) 



F 



I' 



/T' 

u o F o u 



-1 , 



uiU) 



K 



i.e. one can simply write u'^' 
what follows, the mappings 



x'^" ofox-'^: x{7t{U)) 



F^'(u\...,'u"+^) and 



(Ella) 
lOb) 

, x""). However, in 



F^" ■=u'^ oF = x'^ O-KOF = x'^ ofoTT-.U- 

fi^' ■= x'l"' of: tt{U) K 
will be employed. The reason is that the derivatives 



pa 



u 



oF:U 



K 



(5.3a) 
(5.3b) 



d 



F'':p 



d 



F' 



d{F^ ou 



-1^ 



dF^ 



d{u-^ou ^) u(p) d{u-^ o u ^) 



u{j)) 



(note, {w^ o u^^y are Cartesian coordinates on u{U) C HC"^*") are the elements of the matrix 
of the tangent mapping F^,: T{E) — > T[E') in the charts {U,u) and {U',u'). Indeed, since 
this matrix, known as the Jacobi matrix of F, is defined by [5, sec. 1.23(a)] 



F^{dj\p) = Fj \p{d'i,\F{p)) 



we have 



\dF^ 



/'=!,. ..,n'+r' 
J=l,...,n+r 



\f(p)) 


peU, 




( 


On'xr I 


F^' n / 

-'^,11 '^n'xr 






pa' pa' 



(5.4) 



(5.5) 



Let connections A'* and A'^ on {E,7r,M) and {E,' i:' , M'), respectively, be given. To the 
local coordinates {u^} and {u'^} correspond the adapted frames (see (|3.27j) " (|3.3()jl ) 



where dj 



■to'' 



{x^,Xa) = id,,db)' 

i^'fi'^^'a') = {9'u',d'h/) 



and adapted coframes 







6" 





_L-p6' xb' 



= (a;,+rj'a,,,a,,) 



(5.6) 



-K SI 



du^ 



to 



UJ 



■ , 

■p/a' 



°u' 





"b' 



dn'^' 



(5.7) 
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The symbols and F^' in (|5.6|) and (|5.7)) denote the 2-index coefficients of respectively A'' 
and A"* in the respective adapted frames. 

If {e/} and {e'j,} are arbitrary frames over U in T{E) and over = F{U) in T{E'), 
respectively, the (Jacobi) matrix of in them is defined via (cf. ()5.4() ) 



F*{ei\p) = iFf\p)ie'j,\F(p))- 



(5.8) 



In particular, in the adapted frames (|5.6j) . we have = (F/' and therefore 

the Jacobi matrix of F^ in the adapted frames 1)5.61) is 



[^i ] - [Fj ]in {{X 



F 



F^ 
FH' 



"X' 


















0" 

























( 


)- 




F)F^' 







(5.9) 



dF 



— defining the matrix of F* in {9^,}) via 1)5. 5|) . Thus, the general 



^ith f5 :^ 
formula ()5.8j) now reads 

with 



F^ 

. a . 



f;=x^(f''')-(f',^;oF).f;. 



(5.10) 



(5.11) 



From (|5.8)) . it is clear that the elements Fj \p of the Jacobi matrix of F=k at p € C/ are elements 
of a (1,1) (mixed) tensor from T*{E) (g) Tp(^p^{E'); in particular, if the adapted frames are 
changed (see p.31() ). the block structure of 1)5. 9|) is preserved and the elements of its blocks 
are transformed as elements of the corresponding to them tensors ^'^ . An important corollary 
from (|5.1U() is 



F,(A'*) C A'^ ^ F^ = (5.12) 

in any pair {{Xj}, {Xji}) of adapted frames. If it happens that F*(A^) = A'^, we say that 
F preserves the connection A^, i.e. F is a connection preserving mapping; in particular, if 
(F',7r',M') = (F, 7r,M) and F*(A'^) = A''', the mapping F is called a symmetry of A^. 

If the bundles considered are vectorial ones, the fibre coordinates, morphisms, and con- 
nections which are compatible with the vector structure must be linear on the fibres, viz. 



{F^ o ^)u'> T1 = -{Tt^ o vr)n'' F^, = -(F^,^, o vr^" , (5.13) 

where the functions J^^' : it(U) K are of class and F^^ (resp. F^,'^,) are the 3-index 
coefficients of the linear connection A^ (resp. A''^). Consequently, in a case of vector bundles, 
the Jacobi matrix (|5.9)) takes the form 



(5.14) 



'Fif' 






F^u 


V 


a 







with 



FI^ ■- dpiJ^a) - ^l^J.^c + i^'c'X' ° f) ■ ■ ^ 



(5.15) 



The changes e := {e/} 
functions B := [Bf] and B' 



{Bfej} and e' 

3' J'l 



{e'j,} 1-^ {B'j/ e'j,}, with non-degenerate matrix- valued 



[B'j'Z ], imply the transformation -^(e.e') [Fj ] {B') ^ ■ F(^^^^i-^ ■ B of the 
Jacobi matrix of F*. From here, 15.91 follows immediately. 

■^^ E.g. (p) are elements of a tensor from the tensor space spanned by {ti^^lp ® X^/|^(p)}. 
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where we have used that vr' o F = / o vr and u''^ o F = F'^ and we have set := ^^^^jjr^) 
so that Fj^ = ° T^- Therefore (|5.11|) now reads 

< = (<°vr).n^ (5.16) 

If M and M' are manifolds and f : M ^ M' is of class C^, the above general con- 
siderations are valid for the morphism {f*,f) of the tangent bundles (T(M),ttt,M) and 
(T{M'),iT'rp, M'). A peculiarity of a tangent bundle is that the fibre dimension of the bundle 
equals to the dimension of its base. Due to that fact, the base indices A, /i, z^, ■ ■ ■ = 1, . . . , n 
is convenient to be used for the fibre ones a, 6, c, • • • = n + 1, . . . , n + r according to the rule 

a i—i- n = a — diniM, (5.17a) 
which must be combined with a change of the notation for the fibre coordinates, like 

^ <, (5.17b) 

as otherwise the change (|5.17a|) will entail u"" u^, the result of which coincides with 

the notation for the basic coordinates. Since f*{-^\^) = ^^^dx°^'^ \z dx't^' \f(z) ^^'^ ^ ^ 
7r(f7) [5, sec. 1.23(a)], the Jacobi matrix of / relative to the charts (7r(f7), re) and {■k'{U'),x') = 
(/(7r({7)), x') has the elements 

fr-='-^^^-<U)^K. (5.18) 

Combining this with the definition of the vector fibre coordinates u'^, (^''^ai^L(p)) ~ P^^ 
we see that (|5.;-{|) . with for F, reads 

n'^' = /f '(n\ ...,u^)= x'^^' of on uf = fT\u\ n", n}, ...,<) = (/,^' on).u\ 

(5.19a) 

x'^' = /^'(x\ . . . ,x") = x^' o /. (5.19b) 
Therefore the derivatives in 1)5. 5|) and ()5.9() - ()5.11|) should be replace according to {u^^ = x'^ovr) 

F^'^^ = f'on Fi^^ = (^on)u\ Fi^^ = fli'on. (5.20) 

If a'* and A''^ are linear connections on M and M', respectively, their 2- and 3-index 
coefficients are connected through (cf. (|5.1.S|) 1 



Tl = -{Tl,oT,)-u\ Tt = -{T'^i,on')-ut (5.21) 

A d vl _ 



Thus the Jacobi matrix of (/*)* =: /** in the pair of frames ({^/^ = gfjr + 



^},{X'^,,Xl]}) is (cf. (EH and ^) 

TT n 

(5.22) 



ftf OTT 
-fxu O Tt) • /I O TT 



The subscript 1 in Il5.17bl indicates that Uj are fibre coordinates in the first order tangent bundle 
(T{M),TTT,M) over M. 
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61 



where 

■■= f'iu ■■= Mf^') - /''r^. + iK^'r' o f)firj. (5.23) 

The quantities H5.23|) are components of a T(M')-valued 2-form on M, i.e. of an element in 
T{M')®K^{M). 22 



6. General (co)frames 

Until now two special kinds of local (co)frames in the (co)tangent bundle to the bundle 
space of a bundle were employed, viz. the natural holonomic ones, induced by some local 
coordinates, and the adapted (co)frames determined by local coordinates and a connection 
on the bundle. The present section is devoted to (re)formulation of some important results 
and formulae in arbitrary (co)frames, which in particular can be natural or adapted (if a 
connection is presented) ones. 

Let {E^ IT, M) be a bundle and {e/} a (local) frame in T{E). The components C|j of 
the anholonomy object of {e/} are defined by (|3.19() and a change 



{e/} 1-^ {ei 



5/ 



(6.1) 



with a non-degenerate matrix- valued function B = entails (see (|2.9() 



C 



K 
IJ 



Cfj = (i?-^)f {BfcMiBj) - BfcMiBf) + BrB^Ci,^). (6.2) 

Let a connection A'* on {E,tt,M) be given. If {e/} is a specialized frame for (see 
Sebsect. l3.2|) . then the set {Cfj} is naturally divided into the six groups (|3.20() . The value of 
that division is in its invariance with respect to the class of specialized frames, which means 
that, if {e/} is also a specialized frame, then the transformed components of the elements 
of each group are functions only in the elements of the non-transformed components of the 
same group — see (|3.24() . (|3.2ip . and (|2.9() . By means of 1)6. one can prove that, if such a 
division holds in a frame {e/}, then it holds in {ej} if and only if the matrix-valued function 
B is of the form ()3.16|) . In particular, we cannot talk about fibre coefficients of A'^ and of 
fibre components of the curvature of A^ in frames more general than the specialized ones 
as in that case the transformation ()6.1() . with {e/} (resp. {ej}) being a specialized (resp. 
non-specialized) frame, will mix, for instance, the fibre coefficients and the curvature's fibre 
components of A'' in {ej} — see (|6.2|) . 

It is a simple, but important, fact that the specialized frames are (up to renumbering) the 
most general ones which respect the splitting of T(E) into vertical and horizontal components. 
Suppose {e/} is a specialized frame. Then the general element of the set of all specialized 
frames is (see (|3.4a|) and (|3.16|) ) 



where [A^ 



and [AXtLn^ 







.0 < 



(6.3a) 



^ are non-degenerate matrix-valued functions on E, which 
are constant on the fibres of {E,7r,M), i.e. we can set A'j^ = B^ o tt and A'^ = B^ o tt for 
some non-degenerate matrix-valued functions [B^] and [B^] on M. Respectively, the general 
specialized coframe dual to {e/} is (see (|3.4b|) and H3.16() ) 



Ai- 





(6.3b) 



Moreover, if we consider fl^ , defined via H5.18^ . as components of an element in Tf(^p){M') ® Ap(M), 
then Ij5.2i-i|l are the components of the mixed covariant derivative (along gfrr) of ® <lu^ relative 

to the connection A** x A"" on M x M. 
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where {e^} is the speciahzed coframe dual to {ej}, e^(ej) = 6j. 

Since 7r^,|^h: {X € A''} —>■ X{M) is an isomorphism, any basis {e^} for defines a 
basis {Ef,} of X{M) such that 

E^^ = TT*\Ah{ef,) (6.4) 
and V.V., a basis {E^j^} for Af(M) induces a basis {e^^} for A'' via 

e^. = {^r,\^'^)~\E^). (6.5) 

Similarly, there is a bijection {e'^} i— > {-E''^} between the 'horizontal' coframes {e^} and the 
coframes {E^'} dual to the frames in T(M) (S'" G A^(M), E>^{Ey) = 5^). Thus a 'horizontal' 
change 

^ = (^^ o 7r)e^, (6.6) 
which is independent of a 'vertical' one given by 

ea = {Ba o 7r)eb (6.7) 

with {^a} being a basis for A'', is equivalent to the transformation 

E^^E^ = B^E, (6.8) 

of the basis {E^,] for X{M), related via to the basis {e^} for A^. Here [B^] and [S^] 
are non-degenerate matrix- valued functions on M. 

As 7r=K(ea) = G X{M)^ the 'vertical' transformations (|6.7() do not admit interpretation 
analogous to the 'horizontal' ones (|6.6|) . However, in a case of a vector bundle (i?, vr, M), they 
are tantamount to changes of frames in the bundle space E^ i.e. of the bases for Sec(-E', vr, M). 
Indeed, if v is the mapping defined by 1)4. 3|1 . the sections 

Ea = v-\ea) (6.9) 

form a basis for Sec(£', vr, M) as the vertical vector fields form a basis for A^. Conversely, 
any basis {Ea} for the sections of {E,7r,M) induces a basis {Sa} for A^ such that 

ea = v{Ea). (6.10) 

As V and are linear, the change ()6.7() is equivalent to the transformation 

Ea^Ea = B^.Eb (6.11) 

of the frame {Ea} in E related to {Sa} via (|6.9|) . In this way, we see that any specialized 
frame {e/} = {e^,ea} /or a connection on a vector bundle {E,tt,M) is equivalent to a pair 
of frames {{E^}, {Ea}) such that {E^} is a basis for the set X{M) of vector fields on the 
base M, i.e. for the sections of the tangent bundle (r(M),vrT,M) (and hence is a frame in 
T{M) over M), and {Ea} is a basis for the set Sec(i5^, vr, M) of sections of the initial bundle 
(and hence is a frame in E over M). Since conceptually the frames in T{M) and E are easier 
to be understood and in some cases have a direct physical interpretation, one often works 
with the pair of frames {{E^ = 7r*|^h(e^)}, {Ea = v~^{ea)}) instead with a specialized frame 
{e/} = {e^,ea}; for instance {Efj,} and {Ea} can be completely arbitrary frames in T{M) 
and E, respectively, while the specialized frames represent only a particular class of frames 
in T{E). 

One can mutatis mutandis localize the above considerations when M is replaced with an 
open subset Um in M and E is replaced with U = 7r~^ (Um)- Such a localization is important 
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when the bases/frames considered are connected with some local coordinates or when they 
should be smooth. 

Let us turn now our attention to frames adapted to local coordinates {u^} on an open set 
U ^ E for a given connection A'' on a general bundle {E, vr, M) (see H3.27() - ()3.c{U() ). Since 
in their definition the local coordinates {u^} enter only via the vector fields di := X{E), 
we can generalize this definition by replacing {5/} with an arbitrary frame {e/} defined in 
T{E) over an open set f7 C and such that {ea|p} is a basis for the space Tp(7r~^(7r(p))) 
tangent to the fibre through p ^ U. So, using {e/} for {dj}, we have 







(6.12) 



where {e^} is a specialized frame in T{U), [Z?^] and [D^] are non-degenerate matrix- valued 
functions on [/, and W^, : [/ — > K.. 

Definition 6.1. The specialized frame {X/} over U in T{U), obtained from (|6.12() via an 
admissible transformation (|3.4a|l with matrix A = (^ ^ [d"]"^ j' called adapted to the 
frame {e/} for A^. 

Exercise 6.1. Using (|3.4|) and (|3.16|) . verify that the adapted frame {Xj} and coframe 
{u)^} dual to it are independent of the particular specialized frame {e^} entering into their 
definitions via (|6.12j) . The equalities (|6.13a|) and (|6.21j) derived below are indirect proof of 
that fact too. 



According to 1)3.4(1 . the adapted frame {Xj} 
{oj^} = {w^jtj"} are given by the equations 



{Xfj^,Xa} and the dual to it coframe 



{X^,Xa) = {eu,eb) 







5^ Q- 



- T'^e" 



where {e^} is the coframe dual to {e/}, e^{ej] 
(2-index) coefficients of A'^ in {X/}, are defined by 



5j, and the functions F": U 



+ [D[ 
{e/} with 



\D 



Proposition 6.1. A change {ej} 

(~ ~ \ -( \ n^r*] 



i^'ii^u + A eb, A^Cb), 



(6.13a) 

(6.13b) 
K, called 

(6.14) 
(6.15) 



where [A'^] and [A'^] are non- degenerate matrix-valued functions on U , which are constant on 
the fibres of {E, -it, M), and : [7 — > K., entails the transformations 



{X^,Xa) ^ iX^,Xa) 



{e^ + f|^eb,ea) 



{A^ Xy,A^g^Xb) = {Xy,Xb) ■ 







Al 



■pa 



■pa 



(6.16) 
(6.17) 



of the frame {Xi} adapted to {e/} and of the coefficients of in {Xj}, i.e. {Xj} is the 

frame adapted to {e/} and F^ are the coefficients of in {Xj}. 

^■^ Recall, not every manifold admits a global nowhere vanishing C™, m > 0, vector field (see [26] or [31, 
sec. 4.24]); e.g. such are the even-dimensional spheres S^*", fe £ N, in Euclidean space. 

Recall, here and below the adapted frames are defined only with respect to frames {e/} — {e^, Ca} such 
that {ea} is a basis for the vertical distribution A" over U, i.e. {ea|p} is a basis for Ap for all p £ U. Since A" 
is integrable, the relation ea £ A" for alla = n-|-l,...,n-|-r implies [ca, Cb]. £ A" for all a,b — n+1, . . . ,n + r. 
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Proof. Apply (IHTa - dOIl) . □ 

Note 6.1. If {e/} and {ej} are adapted, then = 0. If {Yj} is a specialized frame, it 
is adapted to any frame {e^ = A'p^^,ea = A'^Yb} and hence any specialized frame can be 
considered as an adapted one; in particular, any specialized frame is a frame adapted to itself. 
Obviously (see H6.14() l. the coefficients of a connection identically vanish in a given specialized 
frame considered as an adapted one. This leads to the concept of a normal frame, which 
will be studied on this context in a forthcoming paper. Besides, from the above observation 
follows that the set of adapted frames coincides with the one of specialized frames. 

Exercise 6.2. Verify that the formulae dual to (|(i.l5|) and (|6.1(ij) are (see (l8lhl) and ^i^) 



-ir /icu /ifi-i [/ici-i I ' \ „b I — \ /'r/ici-i\« „b /'r /ici-ir /icir 



(6.18) 



(6.19) 



Example 6.1. If {e/} and {ej} are the frames generated by local coordinates {u^} and 
{n^}, viz. e/ = and e/ = ^|t, the changes (|6.16j) and (|6.17j) reduce to (|3.3H) and (|3.32|) . 
respectively. The choice ej = also reduces definition 16.11 to definition 13.51 

A result similar to proposition 13 .31 is valid too provided in its formulation equation (|3.32j) 
is replaced with (|6.17l) . 

If has an expansion = ej^g^u + ^^i-^ in the domain U of {u^} = {u^^ = o tt,u'^}, 
where ej|^ : C7 — > K and e'j^ = x'j^oir for some x'^ : t^{U) — > K. such that det[xj^] ^ 0, oo, and we 
define a frame {x^} in T{tt{U)) C T{M) by {x^ := a^Jlgfu}, then 

vr*(X^) = x^, (6.20) 

by virtue of and (lO^ . Thus, we have (cf. (IQ^ ) 

= = (7r*|Ah)~"^ o 7r*(e^) (6.21) 

which can be used in an equivalent definition of a frame {X/} adapted to {e/} (with {ca} 
being a basis for A''): should be defined by (|6.2H) and Xa = ea- If one accepts such a 
definition of an adapted frame, the 2-index coefficients of a connection should be defined via 
the equation (|6.13a|) . not by (|6.14|) . and the proofs of some results, hke (l6T6ll and (lOTll . 
should be modified. 

Proposition 6.2. // {X/} is a frame adapted to a frame {e/}, with {e^} being a basis for 
A", for a connection A'*, then (cf. (TOHl) ) 

[X^,X,l = Rl,Xa + Sl,Xx (6.22a) 
[X,, X,]_ = °Tl^Xa + C^,X^ (6.22b) 
[Xa,X,l = Ci,Xd, (6.22c) 



where (cf. (TOTl) ) 



+ n(-c^. + rfia\-r^C7^\) + r^r^c,», ^ (6.23a) 

T^^ := -Xfe(r;i) - C^, + r^Q", - nc'^, (6.23b) 
[e/, ej]. =: CfjCK = CfjCa + C.^jeA. (6.23c) 
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Proof. Insert (|(i.i:-{aj) into the corresponding commutators, use the definition (|(i.2:-{cj) of the 
components of the anholonomy object of {e/}, and apply ()6.13a|) . Notice, as {ca} is a basis 
for the integrable distribution A'', we have [ca, ef,]_ € A'' and consequently C^^ = 0. □ 

The functions i?^^ are the fibre components of the curvature of A'^ and are the fibre 
coefficients of A'^ in the adapted frame {Xj}; if e/ = for some bundle coordinates {u^} 
on E, they reduce to (|.S.37a|) and (|3.37b|l . respectively. From (|6.22|) . we immediately derive 

Corollary 6.1. A connection is integrable iff in some (and hence any) adapted frame: 

R% = 0. (6.24) 

Corollary 6.2. An adapted frame {Xi} is (locally) holonomic iff in it 

Rfiu = °^bti = S^lu = Cab = C'^fe = 0- (6.25) 

If the initial frame {e/} is changed into (|(115|) . then the transformation laws of the 
quantities 1)6. 23(1 follow from 1)6. 22(1 and ()6.16|) : in particular, the curvature components 
transform according to the tensor equation ()3.24b|) . 

Let us now pay attention to the case when {E,tt, M) is a vector bundle endowed with a 
connection A'^. 

According to the above-said in this section, any adapted frame {X/} = {X^,Xa} in T{E) 
is equivalent to a pair of frames in T{M) and E according to 

{X^,Xa} ^ {{E^ = 7T,\^H{X,,)},{Ea = V-\Xa)}). (6.26) 

Therefore the vertical and horizontal lifts are given by (cf. lemma ITTl (|4.8aj) and (|4.11|1 ') 

Sec(^, tt,M)bY = VEa ^ v{Y) := Y" = {Y" o Ti)Xa E A^ (6.27a) 
X{M) 3 F = F^'E^ ^ h{F) := F^ = (F^ o tt)X^ G A'^. (6.27b) 

Thus, we have the linear isomorphism 

{h, v) : X{M) X Sec(£;, vr, M) X{E) 

{h,v): {F,Y)^{F\Y^) 



28) 



which explains why the covariant derivatives (see definition 14. 2|) represent an equivalent 
description of the linear connections in vector bundles. Since any vector field ^ = {S^^ o7r)Xj G 
X{E) has a unique decomposition ^ = © with ^'^ = (^^ o 7t)X^ and = (^'^ o TT)Xa, 
we have 

{h,v)-\0 = (vr*lA.(C"),t'-'(r)) = {^^E^,CEa). (6.29) 

Suppose {Xf} and {Xf} are two adapted frames. Then they are connected by (cf. (|6.3a|) 
and Km ) 

X^ = {B'^oT,)X, Xa = {B'aOTr)Xt, (6.30) 

where [B^] and [B^] are some non-degenerate matrix-valued functions on M. The pairs of 
frames corresponding to them, in accordance with 1)6. 26() . are related via 

E^ = B^^E, Ea = BlEi, (6.31) 

and vice versa. 
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Proposition 6.3. Let be a linear connection on a vector bundle {E,Tr,M) and {Xfj,} be 
the frame adapted for A'^ to a frame {ej} such that {ca} is a basis for A'" and 



5> vr 



{{B; o n)d, + (« o vr) • E')d,, {B^ o vr)9,) , 

(6.32) 

where dj := for some local bundle coordinates {u^} = {n^ = o vr, = E^} onU ^ E, 
[B'^] and [B^ are non- degenerate matrix-valued functions on U , B^^ : [/ — > K., and {-E""} is 
the coframe dual to {Ea = v~^{Xa)}. Then the 2-index coefficients of A^ in {Xj} have 
the representation ( cf. H4.22() ) 

Tl = -{Tt^o^).E' (6.33) 

on U for some functions F^^: J7 — > K., called 3-index coefficients of A^ in {X/}. 

Remark 6.1. The representation (|6.33j) is not valid for frames more general than the ones 
given by 1)6.32(1 . Precisely, equation (|6.33|) is valid if and only if (|6.32() holds for some local 
coordinates {u^} on U — see ()6.17j) . 

Proof. Writing (j6.17j) for the transformation {dj} i— {e/}, with {e/} given by (j6.32j) . we 
get with 

where ^F^^^ are the 3-index coefficients of A'^ in the frame adapted to the coordinates {u^} 
(see (I222}). □ 

Let {Xj} and {Xf} be frames adapted to {e/} and {e/}, respectively, with (cf. (|6.32j) ) 



(e/i,ea) = (ej.,efe) 



B'^OTT 



.34) 



in which A'^ admits 3-index coefficients. Then, due to (|6.17j) and ()6.33|1 . the 3-index co- 
efficients F^^ and F^^ of A'* in respectively {Xj} and {Xj} are connected by (cf. ()4.32|) ) 

% = {[BjrXir'duB; + B^,^)Bl (6.35) 

Exercise 6.3. Prove that the transformation {e/} i-^ {e/}, with {e/} given by (|6.34|) . is 
the most general one that preserves the existence of 3-index coefficients of A'' provided they 
exist in {ej}. 

Introducing the matrices F^ := [F^J^+I^^,, := [f^^j^+I^+i, B := [B^^], and B, := 
[B^^], we rewrite (lO^ as (cf. (^H) 

f ^ = B-^ ■ {T,B^^ + B^) ■ B. jnsni) 

A little below (see the text after equation ()6.37|) \ we shall prove that the compatibility of 
the developed formalism with the theory of covariant derivatives requires further restrictions 
on the general transformed frames (|6.15() to the ones given by (|6.34p with 

B^ = E^{B) ■ B-^ = B';,E,{B) ■ B'\ (6.36) 

whe re E^ := vr*j^h(X^) = vr*|^h((i?|^ o ■K)Xy) = B^Ey. In this case, (f?)!!^^ reduces to 
(cf. (fCTl l 

f ^ = B'^^B-^ ■{r,-B + E,{B)) = B-^^iB-^ ■ F, - E,{B-^)) ■ B. (6.37) 

At last, a few words on the covariant derivative operators V are in order. Without lost 
of generality, we define such an operator l|4.42() via the equations (|4.48() . Suppose {-E^} is a 
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basis for and {Ea} is a one for Sec^ {E , tt , M) . Define the components F^^: M ^ IK of 

V in the pair of frames {{E^}, {Ea}) by (cf. K^ ) 

VE,{Eb)=rt^Ea. (6.38) 

Then ffTJ^ imply (cf. (lOKll 'l 

VpY = F'^iE^iY'^) + rt^Y')Ea 

for F = Fi'Ef, G A:'(M) and F = Y^-Ea G Seci(F, vr, M). A change {{Ef,},{Ea}) ^ 
{{Efj_},{Ea}), given via (|H.31|1 . entails 

^ f = B^iiBjrXi^^.^Bt + i?.(i?,^)), (6.39) 

as a result of 1)6.38(1 . In a more compact matrix form, the last result reads 

r^ = B''^B-^ ■{T^-B + E^{B)) ^M) 

with := [r-^], := [f«J, and B := [B-]. 

Thus, if we identify the 3-index coefficients of A'^, defined by (|6.33() . with the components 
of V, defined by (|6.38|) . then the quantities (|6!35T|) and ()6'39l|) must coincide, which 
immediately leads to the equality (|6.36p . Therefore 



(C/i)Ca) I > (e^)Ca) — (Ci/,efc) 



B'foTT 



{{B-E,{B',){B-^)i)o7T)E- B^oT, 



(6.40) 



is the most general transformation between frames in T{E) such that the frames adapted to 
them are compatible with the linear connection and the covariant derivative corresponding 
to it. In particular, such are all frames {gfr} in T{E) induced by vector bundle coordinates 
{n^} on — see (|4.30|) and (|3.H) - (|3.3() : the rest members of the class of frames mentioned 
are obtained from them via (|6.40() with e/ = and non-degenerate matrix- valued functions 
[fi;^] and 

If {Xj} (resp. {Xi}) is the frame adapted to a frame {e/} (resp. {e/}), then the change 
{e/} ^ {e/}, given by (|On|l . entails {X/} ^ {X/} with {Xj} given by (lOn]! (see ((6T5]l 
and l|6.16() ). Since the last transformation is tantamount to the change 

{{E^},{Ea])^{{E^},{Ea}) (6.41) 

of the basis of X[M) x Sec(ii^, tt, M) corresponding to {X/} via the isomorphism (|6.28j) 
(see (|6.'26() , (|6.30p , and (|6.31() ) , we can say that the transition (|6.41|) induces the change (|6.39() 
of the 3-index coefficients of the connection A'*. Exactly the same is the situation one 
meets in the literature [2, 5, 23] when covariant derivatives are considered (and identified 
with connections). 

Regardless that the change (|6.40() of the frames in T{E) looks quite special, it is the most 
general one that, through H6.16() and (|6.26() . is equivalent to an arbitrary change (|6.41|) of a 
basis in X{M) x Sec(-E', vr, M), i.e. of a pair of frames in T{M) and E. 

We would like to remark that, in the general case, equation (|4.53() also holds with F = 
Fi'E^, G = G^'Ef,, and 

{R{E,„E,)){E,) = Rt^,Ea, (6.42) 

so that 

^b^iu = E^i^Xbu) ~ ^i^i^bfi) ~ ^bfJ^cu + ^bu^cfj. ~ ^bX^f^u^ (6.43) 

where the functions C^^, define the anholonomy object of {E^} via [E^,E,^]_ =: C^^Ex. 

The above results, concerning linear connections on vector bundles, can be generalized 
for affine connections on vector bundles. For instance, the analogue of propositions 16. 3l reads. 

Such an identification is justified by the definition of V via the parallel transport assigned to A** (see 
proposition 14.411 or via a projection, generated by A**, of a suitable Lie derivative on X{E) (see definition l4.21 . 
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Proposition 6.4. Let be an affine connection on a vector bundle {E,Tr,M) and {X^} 
be the frame adapted for A'' to a frame {ej} such that {ca} is a basis for A" and 





where dr 



for some local bundle coordinates {u^} = {w 



{{B; o vr)9, + {{B^,^ o vr) • E')d,, {B^ o vr)9,) , 

(6.44) 

E^} onU CE, 



o vr, u 



[B^] and [B^] are non- degenerate matrix-valued functions on U , B^^ : [/ — > IK, and {E°-} is 
the coframe dual to {Ea = v~^{Xa)}. Then the 2-index coefficients of in {Xj} have 
the representation ( cf. 1)4. 65() ) 



-pa 



{Tl^oT,).E^ + Glo^ 



(6.45) 



on U for some functions F^^, : [/ ^ K. 

Remark 6.2. The representation 1)6. 45() is not valid for frames more general than the ones 
given by (|6.44j) . Precisely, equation (|6.45j) is valid if and only if (|6.44|) holds for some local 
coordinates {u^} on U — see ()6.17() . 

Proof. Writing (|6.17j) for the transformation {dj} i— > {e/}, with {e/} given by (|6.44|) . we 
get (jfn^ with 



-l\a d^b T3V 
)b '^p^^i 



where ^F^^ and ^G^ are defined via the 2-index coefficients ^F" of A'' in the frame adapted 



to the coordinates {n^} via ^F"^ 



o^) ■ E^ + '^GIot: (see theorem lOll. 



□ 



Let {Xi} and {X/} be frames adapted to {e/} and {e/}, respectively, with (cf. (|6.44l 



{e.^,ea) = {eu,eb) ■ 



(b: 



B-on 



■t:)- E'' B°on 



(6.46) 



in which (lO^ holds for A^. Then, due to KTf^t and (IIM . the pairs G^) and (f Gl) 
for a'* in respectively {Xi} and {Xj} are connected by (cf. 1)4. 65(1 and 1)4. 66(1 ) 



ft^ = {[B}]-XinuB'', + Bl^)Bt 

Gl = {[B^jr'y.GtB; 



(6.47a) 
(6.47b) 



Exercise 6.4. Prove that the transformation {e/} i-^' {e/}, with {e/} given by 1)6. 46() . is the 
most general one that preserves the existence of the relation l|6.45j) for A'^ provided it holds 
in {e/}. 

Further one can repeat mutatis mutandis the text after exercise 16.31 to the paragraph 
containing equation (|6.41l) including. 



7. Conclusion 

In this paper we have presented a short (and partial) review of (one of the approaches to) 
the connection theory on bundles whose base and bundle spaces are (C^) differentiable mani- 
folds. Special attention was paid to connections, in particular linear ones, on vector bundles, 
which find wide applications in physics [21,32]. However, many other approaches, gener- 
alizations, alternative descriptions, particular methods, etc. were not mentioned at all. In 
particular, these include: connections on more general (e.g. topological) bundles, connections 
on principal bundles (which are important in the gauge field theories), holonomy groups, flat 
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connections, Riemannian connections, etc., etc. The surveys [33,34] contain essential infor- 
mation on these and many other items. Consistent and self-contained exposition of such 
problems can be found in [22,23,35,36]. 

If additional geometric structures are added to the theory considered in Sect. |5J there 
will become important connections compatible with these structures. In this way arise many 
theories of particular connections; we have demonstrated that on the example of linear con- 
nections on vector bundles (Sect.lU). Here are two more such cases. 

If a free right action R: g ^ Rg-. E^E,g£G,oia Lie group G on the bundle space E 
of a bundle {E, tt, M) is given and tt: E ^ M = E/G is the canonical projection, we have a 
principal bundle {E, tt, M, G). The connections that respect the right action R are the most 
important ones on principal bundles. Such a connection A'^ is defined by definition 13.11 to 
which the condition 

(i?,),(A^) = A^^(p) gGG peE (7.1) 

is added and is called a principal connection. Alternatively, one can require the parallel 
transport P generated by A^ to commute with R, viz. 

RgoP^i = 9-1 oRg geG 7: [a, r] ^ M. (7.2) 

The theory of connections satisfying (|7.1() is very well developed; see, e.g., [2,36]. 

Suppose a real bundle {E,tt,M) is endowed with a bundle metric g, i.e. g: x ^ gx, 
X € M, with gx'- ■k~^{x) x ^^^{x) M being bilinear and non-degenerate mapping for all 
X G M. The equality 

9'yia) = g^ir) o ( X P^) j:[a,T,]^M, (7.3) 

which expresses the preservation of the (7-scalar products by the parallel transport P assigned 
to a connection A'', specifies the class of ^(-compatible (metric-compatible) connections on 
{EjTTjM). Such are the Riemannian connections on a Riemannian manifold M, which are 
fl'-compatible connections on the tangent bundle (T(M), vr^, M); see, for instance, [2,23]. 

The consideration of arbitrary (co)frames in Sect. El may seem slightly artificial as the 
general theory can be developed without them. However, this is not the generic case when one 
starts to apply the connection theory for investigation of particular problems. It may happen 
that some problem has solutions in general (co) frames but it does not possess solutions when 
(co)frames generated directly by local coordinates are involved. For example [37], local 
coordinates (holonomic frames) normal at a given point for a covariant derivative operator 
(linear connection) V on a manifold exist if V is torsionless at that point, but anholonomic 
frames normal at a given point for V exist always. 
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